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CYCLIC CODES OVER THE RING ¥p[u,v]/{u^,uv - vu) 


BAPPADITYA GHOSH AND PRAMOD KUMAR KEWAT 


Abstract. Let p be a prime number. In this paper, we discuss the struc¬ 
tures of cyclic codes over the ring '¥p[u,v]/{u^,uv — vu). We find a 
unique set of generators for these codes. We also study the rank and the 
Hamming distance of these codes. 


1. Introduction 

The study of linear codes over finite rings has accomplished signihcant im¬ 
portant since the realization that some good nonlinear codes can be identihed 
as Gray image of Z4 linear code (cf. [HI El US]). Cyclic codes, an important 
class of linear codes, have also generated great interest in algebraic coding 
theory. The good progress has been achieved in a series of papers in the di¬ 
rection of determining the structural properties of cyclic codes over the large 
family of rings, mainly over finite chain rings (cf. (HEHSHHEIIHIITIIHICHIHH 

HI EH 1201 [22]). 

Yildiz and Karadeniz in [23] have considered the ring ¥ 2 [u,v]/{u‘^,v‘^,uv — 
vu), which is not a chain ring, and studied cyclic codes of odd length over that. 
They have found some good binary codes as the Gray images of these cyclic 
codes. The authors of [I3] studied the general properties of cyclic codes over 
the more general ring F2 [mi, M 2, • ‘ u^ UtUj —UjUt) and characterized 
the nontrivial one-generator cyclic codes. Sobhani and Molakarimi in [21] 
extended these studies to cyclic codes over the ring F2m [u, v]/{u^, uv — vu). 

The authors of [16] have studied the cyclic codes over the ring Fp[M, v]/{u^, 
uv — vu) and have found some good ternary codes as the Gray images of these 
cyclic codes. 

In this paper, we discuss the structure of cyclic codes of arbitrary length n 
over the ring ^ = Fp[M, v]/{u^, v^, uv — vu), k a positive integer. We hnd 

a unique set of generators for these codes. The idea to hnd a set of generators 
is as follows. We view the cyclic code C as an ideal in the ring p ^ = 

Ruky^p[x\/ (x” —1). We dehne the projection map from R^ky p^ —)■ Ru^^p^n = 
Ru*= ,p[x\!~ 1)) Ru*=,p = and we get an ideal in the ring R^kp^, 

which gives a cyclic code over the ring p. The structure of cyclic codes over 
the ring R^k p is known from [20] • By pullback, we hnd a set of generators 
for a cyclic code over the ring Rpk p 2 p. We simplihed a set of generators 
for these cyclic codes when n is relatively prime to p. We also provide the 
characterization of the free cyclic codes over the ring R^k^ p. 
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We find the rank and minimal spanning set for a cyclic code C of arbitrary 
length n over the ring R^k^ p. We hnd the rank of these cyclic codes by nsing 
the division algorithm and direct compntations. We hrst hnd the minimal 
spanning sets of kernel and image of the projection map from C —)■ R^k^p^n- 
Then nsing the isomorphism theorem we hnd the minimal spanning set a cyclic 
code C over the ring R^k ,^2 p. These compntations are not straightforward, 
there are difhcnlties that need to be overcome. For example, we have several 
non regular elements as parts of generators, where we can not apply the di¬ 
vision algorithm directly. We have used the inductive arguments to hnd the 
minimal spanning set in these cases. We also hnd the Hamming distance of 
these codes for length pK 


2. Preliminaries 

A ring with the unique maximal ideal is called a local ring. Let i? be a hnite 
commutative local ring with maximal ideal M. Let R = R/M he the residue 
held and p : R[x] —)• R[x] denote the natural ring homomorphism that maps 
r r + M and the variable x to x. The degree of the polynomial f{x) G R[x] 
as the degree of the polynomial p{f{x)) in R[x], i.e., deg{f{x)) = deg{p{f{x)) 
(see, for example, mi). A polynomial f{x) G i?[x] is called regular if it is not a 
zero divisor. The following conditions are equivalent for a hnite commutative 
local ring R. 

Proposition 2.1. (cf. [171 Exercise XIIL 2 (c)]) Let R he a finite commutative 
local ring. Let f{x) = Oq -l- aix + ■ —h be in R[x], then the following are 
equivalent. 

(1) f{x) is regular; 

(2) (uq, a\^ * ‘ ‘ 5 Hn) 7^; 

( 3 ) Oi is an unit for some i, 0 < i < n; 

(4) ^ 0; 

The following version of the division algorithm holds true for polynomials 
over hnite commutative local rings. 

Proposition 2.2. (cf. [T 71 Exercise XIIL6]) Let R be a finite commutative 
local ring. Let /(x) and g{x) be non zero polynomials in R[x]. If g{x) is 
regular, then there exist polynomials q{x) and r(x) in R[x] such that /(x) = 
g{x)q{x) +r{x) and deg{r[x)) < deg{g{x)). 

2.1. The ring R,^k .^,2 p. 

Let Ruk^y2 p = (Fp -|- uWp -|- n(Fp -|- uFp • -f u’‘~^Wp),u^ = 

0, = 0 and uv = vu. Also it can be viewed as (Fp -|- xFp) -|- M(Fp -|- 

xFp) -f • • • -|- M^“^(Fp -|- nFp),M^ = 0 , = 0 and uv = vu. The ring „2 p 

is a hnite commutative local ring with unique maximal ideal {u,v). The 
set {{0}, (m), (m^), • • • , {u^~^), {v), {uv), {u%), • • • , {u^~^v), {u + av), {u^ + av), 
• ■ • , {u^~^ + av), {u^~^,v), {u^~‘^,v), ■ ■ ■ ,{u,v), (1)} gives list of all ideals of 
Ru>‘,v^,pj where a is a non zero element of Fp. Since the maximal ideal {u,v) 
is not principal, the ring ^2 p is not a chain ring. 


Cyclic codes over the ring -R„fc „2_j, 


3 


Let g{x) be a non zero polynomial in Fp[x]. By Proposition 12.11 it is easy to 
see that the polynomial g{x)+upi{x) + - ■ ■+u^~^pk-i{x) +v{pk{x) +upk+i{x) + 
■ ■ ■ + u’‘~^p2k-i{x)) G Ruk^y2^p[x] is regnlar. Note that deg{g{x)+upi{x) + ■ ■ • + 
u’"~^Pk-i{x) + v{pk{x) + upk+i{x) H-h U^~^p2k-i{x))) = deg{g{x)). 


2.2. The Gray map. 

The Gray map ipL ■ Ru*=,v'^,p is dehned as follows 

Pl (a + vb) -)■ ((p (a + 6), (p (b)), V a,b e Ruk,p, 

where 


p (oi + ua 2 H-h ^ak) = 

when k is odd and 
ip (ai + ua2 H - h u^~^ak) = 


k-l 


'y ^ y ^ y ^ ^ii 

i=l i=2 i=2 


fc +3 fc +1 

fc+i fc+i 

''“2 2 



k k—l 


y ^ y ' ' j ^ii y ^ ^*5 

i=l i=2 i=2 


1+1 1+1 \ 

) y ^ y ^ I 

*=i *=i+i / 




when k is even. 

Let wl and wh denote the Lee weight and Hamming weight respectively. 
We dehne the Lee weight as follows 

Wl {a + vb) = Wh {ifL (a + vb)), \/ a, b e Ru>c,p, 

The Gray map natnrally extend to R^k ^2 ^ as distance preserving isometry 

Lee weight) -)■ (F“”, Hamming weight) 

as follows 


ifL (cil, 0,2, - ■ ■ , 0,n) —t [ifL (Ol) , ifL (^ 2 ) , ‘ ‘ (®n)) , V Oj G ,^2 p. 

By linearity of the map (pi we obtain the following theorem. 

Theorem 2 . 3 . If C is a linear code over the ring Ruk^y2 p of length n, size p^ 
and minimum Lee weight d, then ipiiC) is ap-ary linear code with parameters 
[2fcn, /, d\. 


3. The structures of cyclic codes over the ring Ruk^v^^p 

Let p be a prime nnmber and n be a positive integer. Let Ruk^^2p = 
¥p[u,v]/{u^,v‘^,uv—vu). We can write i?„fc „2 p as ,;2 p = R^k p+vRy^k p,v'^ = 
0 , where Ruk^p = Fp + MFp + - • • + M^“^Fp and = 0. Also, it can be written as 
Ru>=,v^,p = -R«;2 p+Mi?^2 p+- • p and = 0, where i?«2 p = Fp+nFp and 

n 0. fjct R/^k ^2 p R^^k 'jj 2 p [x]/ (x” — 1 ). Let G be a cyclic code of length 
n over „2 p. We also consider C as an ideal in the ring „2 p We dehne 
the map -0 : „2 p —)■ R^k^p by fj{a+v( 3 ) = a, where a, (3 E Ruk^p- Glearly the 

map -0 is a snrjective ring homomorphism. Let Ruk^p^n = Ru>‘,p[x\/ (a;"' — 1 ). We 
extend this homomorphism to a homomorphism 0 from C to the ring R^k p ,^ 
dehned by 

0 (co + CiX H-h Cn-ix'^~^) = tf (co) + fj (ci) X-{ - \-fj (c„_i) x'^~^, ( 1 ) 
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where c* G R^k .^2 p. Let J = {r(x) G | vr{x) G ker0}. We see that 

J is an ideal of R^k p ^- Hence we can consider J as a cyclic code over the 
ring p. We know from Theorem 3.3 of [20] that any ideal of Ruk,p,n is of 
the form {g{x) + upi{x) + v?p 2 {,x) + • • • + u^~^pk-i{x), uai{x) + v?qi{x) + 

■ ■ • + u^~^qk- 2 {x),v?a 2 {x) + u^h^x) + • • • + u^~^lk-z{x), • • • , u^~‘^ak- 2 {x) + 
u’‘~Hi{x), u^~^ak-i{x)) with ak-i{x)\ak-2{x)\ ■ ■ ■ |a2(a;)|ai(a;)|5f(a;)|(a;"^— 1 ) mod 

p ■ ai{x)\pi{x)^, • • •, ak-i{x)\R{x)^£^y, • • • ; ak-i{x)\pk-i{x)^ ■ ■ • 

deg(pi(a;)) < deg(ai(a;)); deg(p2(a:)), deg(gi(a;)) < deg(a2(a;)); • • • ; deg(pfc_i(a;)), 
deg(gfc_2(a:)), •••, deg(fi(a;)) < deg(afc_i(a;)). Now we assnme that Bi = 
g{x) + upi{x) + v?p2{x) + • • • + u^~^pk-i{x), B2 = uai{x) + v?qi{x) + • • • + 

u'"~^qk-2{x), B3 = u^a2{x)+uHi{x)-\ - \-u'"~^lk-3{x), • • •, Bk-i = u’'~^ak-2ix) + 

u^~Hi{x), Bk = u’‘~^ak-i{x). So J = {Bi,B 2 ,--- ,Bk). Therefore, we can 
write ker0 = {vBi, VB 2 , ■ ■ ■ , vBk). Since 0 is a snrjective homomorphism, the 
image Im0 is an ideal of R^k p „^. Hence, Im0 is a cyclic code over the ring R^k^p. 
Again we can write Im0 as above. That is, Im0 = {B[, B!^^ - ■ ■ , H^). There¬ 
fore the code C over the ring „2 ^ can be written as C = (Ai, A 2 , • • • , A 2 k), 
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where, Aj’s are defined as follows. 

Ai = gi{x) + ugii{x) + u^gi 2 {x) ^ -h gi(k-i){x) 

+ v{gik{x) + ugi(k+i){x) + u^gi{k+ 2 ){x) ^ -h gi{ 2 k-i){x)), 

A 2 = ug2(x) + u^g22{x) + u^g2^{x) ^ -h g2{k-i){x) 

+ v{g 2 k{x) + ug 2 (k+i){x) + u^g 2 {k+ 2 ){x) ^ -h g 2 { 2 k-i){x)), 

Ai = u''~^gi{x) + u'-gii{x) + gi{i+i){x) H-h v!"~^gi(^k-i){x) 

+ v{gik{x) + ugii^k+i){x) + u^gi(k+2){x) ^ -h u^~^gi(2k-i){x)), 

u^~‘^gk-i{x) + v!'~^ g{k-i)(k-i){x) + v{g(^k-i)k{x) + ug{^k-i){k+i){x) 

+ 9{k-l){k+2){x) + ■ ■ ■ + ^ g{^k-l){ 2 k-l){x)), 

u^~^gk{x) + v{gkk{x) + ugk{k+i){x) + u^gk{k+ 2 ){x) ^ -h 

u^~^gk(2k-i){.x)), 

x{gk+i{x) + ug(^k+i){k+i){x) + V? g(kj^i)(^k+2){x) + • • • + 

^9(k+l){2k-l){x))-, 

x{ugk+ 2 {x) + V?g(^k+ 2 ){k+ 2 ){x) + U^g[k+ 2 ){k+?,){x) + • • • + 
^9{k+2){2k-l){x))-, 

Ak+i v(u gk-\-i{x^ -\- M (x) U g(^k+i)(k+i+l){^X^ ‘ ‘ “1“ 

^ 9{k+i){2k—l){x^^, 


Ak -1 = 
Ak = 
Ak +1 = 

Ak +2 = 


A 2 k -1 = v{u^ g 2 k-l{x) + v!^ ^g( 2 k-l)( 2 k-l){x)), 

A 2 k = vv!'~^g 2 k{x). 

Throughout this paper we use Ai, ^42, • • • , v42fc for above polynomials. 

For an ideal C of the ring p = i?^fc „2 p[a;]/(a;” — 1 ), we dehne the 

residue and the torsion of the ideal C as (see m) 

Res(C) = {a G Rut=,p,n\ 3 6 G Ru^^p^n ■ a + vb E C} and 
Tor(C) = {a G xa G C} 

It is easy to see that when C is an ideal of the ring „2 p „, the Res(C') 
and Tor(C) both are ideals of R^^kpj^. And also it is easy to show that 
Res(C') = Im 0 and Tor(C') = J. 
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Again, for an ideal C of the ring Ru\p,n = Ru\p[x\l{x"' — 1), for 2 < i < k 
we define residue and torsion of the ideal C as 

R.es(C*) = {o G 3 6 G Ru^-i^p^n '■ a u 6 G C* } and 

Tor(C") = {a G Ru,p,n\ u^~^a G C'} 

Here Res(C") and Tor(C") are ideals of the ring Rui-i,p,n and Ru,p,n respectively. 

Note that Ru,p = ^ ~ Fp, therefore, Ru,p,n = (SSy- 

Now we dehne the ideals Ci, C 2 , • • • , C 2 k associated to C as follows. 

Cl = fies ■ ^ ■ Res ((F) = C mod (m, v) = {gi{x)) 

k times 

C 2 = Tor fles• ■ ■ Re^ ((3) = {f{x) G Fp[a;] | uf{x) G C mod {u^,v)} = {g 2 {x)) 

k—1 times 

Ci = Tor Res ■ ^ ■ Res^ C*) = {f{x) G Fp[a;] | u^~^f{x) G C mod {u\v)} 

/c— 2+1 times 
= {9i{x)) 


Ck-i = TorResRes(C) = {f{x) G Fp[a;] | “^/{x) G C mod {vf^ 

= {gk-i{x)) 

Ck = TorRes(C) = {f{x) G Fp[a;] | u^~^f{x) G C mod (n)} = {gk{,x)) 
Ck+i = Res• ^■ Res+ or((F) = {f{x) G Fp[a;] | vf{x) G C mod (uv)} 

k—1 times 

= {gk+i{x)) 

Ck +2 = Tor Res • ^ ■ Res+ or((F) = {f{x) G Fp[a;] | uvf{x) G C mod {u^v)} 

k—2 times 

= {gk+2{x)) 


Ck+i = Tor Res • ^ ■ Res+ or((F) = {f{x) G Fp[a;] | m* ^vf{x) G C mod (mV)} 

k—i times 

= {gk+i{x)) 


C2k-i = TorResTor(C) = {f{x) G Fp[a;] | ‘^vf{x) G C mod {u^ ^n)} 

= {g2k-i{x)) 

C2k = TorTor(C) = {/+) G Fp[a;] | u^~^vf{x) G C} = {g2k{x)) 

Here all Cj’s are ideals of . Throughout this paper we use Ci, C2, • • • , C2k 
for above ideals. 
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Theorem 3 . 1 . Any ideal C of the ring R^k .^j2 p ,^ is uniquely generated by the 
polynomials Ai,A2,--- , A2k with gij{x) are zero polynomials or deg{gij{x)) < 
deg{gj+i{x)) for I < i < {2k — 1), i < j < {2k — 1 ) where Ai and gij{x) ’s are 
defined as on page\E {see page\E^. 

Proof. We prove the degree result for gij{x), where 1 < j < 2 fc — 1 . Others 
are similar. Let Ai ^ 0 and deg(5fii(x)) > deg(5f2(ic))- Then by division algo¬ 
rithm, we have gn{x) = qi{x)g2{x) + ri(x), where deg(ri(x)) < deg(5f2(ai)) or 
ri(x) = 0 . Now Ai - qi{x)A2 = gi{x) + uri{x) + u‘^{gi2{x) - qi{x)g22{x)) + 

u { 9 i 3 {x) - qi {x)g23{x)) H-h (a:) - qi {x)g2(k-i) (a:)) +v{{gik{x) - 

qi{x)g2k{x)) + u{gi(k+i){x)-qi{x)g2(k+i){x))+u‘^{gi(k+2){x)-qi{x)g2(k+2){x)) + 
■•• + M^"Hfi'i(2fc-i)(ai) - qi{x)g2(2k-i){x))). If deg(5(i2(x) - qi{x)g22{x)) > 
deg(5'3(x)), then by division algorithm, gi2{x) — qi{x)g22{x) = q2{x)g^{x) + 
r2{x), where deg(r2(x)) < deg(5f3(x)) or r2{x) = 0 . We have Ai — qi{x)A2 — 

q2{x)A3 = gi{x)+uri{x)+u‘^r2{x)+u^{gi3{x)-qi{x)g23{x)-q2{x)g33{x))^ -h 

u^~^{gi(k-i){x) - qi{x)g2(k-i){x) - q2{x)g3{k-i){x)) +v{{gik{x) - qi{x)g2k{x) - 
q2{x)g3k{x )) + u{gi(k+i) {x) - qi {x)g2(k+i) {x) - q2{x)g3i^k+i) {x )) -h {gi(k+2) {x) - 

qi{x)g2(k+2){x) - q2{x)g3(k+2){xy) H- h u^~\gi(2k-i){x) - qi{x)g2(2k-i){x) - 

q2{x)g3(2k-i){x))). Proceeding in this way, after 2k — 2 times, we get Ai — 

qi{x)A2 - q2{x)A3 - q2k-2{x)A2k-i = gi{x) + uri{x) -h u^r2{x) ^ -h 

v{rk{x) + urk+i{x) u'^~‘^r2k-2{x) + {gi{2k-i) - 

qi {x)g2(2k-i) {x)-q2 {x)g3(2k-i) - q2k-2 {x)g(2k-i)(2k-i) (a:))). If deg{g^2k-i) - 

qi{x)g2{2k-i){x) - q2{x)g3i2k-i) - q2k-2{x)g(2k-i){2k-i){x)) > deg{g2k{x)), 

then again by division algorithm, 5fi(2fc-i) - gi(a:)5'2(2fc-i)(a:) - g2(a:)5'3(2fc-i) - 

- q2k-2{x)g(2k-i){2k-i){x) = q2k-i{x)g2k{x)+r2k-i{x),'wheYedeg{r2k-i{x)) < 

deg{g2k{x))oT r2k-i{x) = 0 . Now Ai-qi{x)A2-q2{x)A3 - q2k-2{x)A2k-i- 

q2k-i {x)A2k = gi {x) +uri {x) +u^r2 (x) H-Vfc_i (x) +v{rk (x) -f nr^+i (x) + 

■ • •-|-M^“^r2fc-2(ai)+M^“^r2fc-i(x)). This polynomial satishes the required prop¬ 
erties of the theorem and also the polynomial Ai can be replaced by this 
polynomial. Now we have to prove that the polynomials Aj’s are unique. 
Here again, we prove the uniqueness only for polynomial Ai. Others are sim¬ 
ilar. If possible, let Ai = gi{x) -|- ugii{x) -|- u‘^gi2{x) + • • • -I- ■u^“^5'i(fc-i)(x) -b 

v{gik{x)+ugif^k+i){x)+u^gi{k+2){x) H-hM^"^ 5 'i( 2 fc-i)(ai)) and Bi = gi{x) + 

ug[i{x) + u^g[2{x) + • • • + + v{g[k{x) + Mc/i(fc+i)(a;) + u^g^k+2)i.^) + 

• • • -b polynomials with same properties in C. Hence, 

Hi - Hi = m(5'ii(x) - fi'n(x)) -b u^{gi 2 {x) - g'i 2 {x)) H-b u'^~^{g3^k-i){x) - 

9'i{k-i)i.^)) + v{{gik{x) - g'ik{x)) + u{gi(k+i){x) - g'n^k+i)i.^)) + u^{9i(k+2){x) - 
9'i(k+2)i^)) + ■ ■ • + u^~^{9i(2k-i){x) - 9'i(2k-i)i^)))- We have Hi - Hi e O 
which implies that 5'ii(x) — (y'n(x) G O2 = {g2{x)). Previously we have 
proved that the degree of both 9u{x) and 5'n(x) is less than degree of 92{x). 
Hence, deg(5fii(x) — g'ii{x)) < deg(5f2(a^))- But g2{x) is the minimum de¬ 
gree polynomial in O2, which implies that 5'ii(x) — (y'n(x) = 0 . This gives 

9ii{x) = 9'ii{x)- Now Hi - Hi = u^{gi2{x) - 9'i2{x)) H-^ u''~^{9i{k-i){x) - 

9^k-i)i.^)) + ^{{9ik{x) - 9'iki.x)) + u{g^k+i){x) - 9'i(^k+i)i.^)) + vf{9i{k+2){x) - 

9[{k+2)i^)) ^ - \-u''~^{9ii2k-i){x)-9'i(2k-i)(^)))- We have Hi-Hi G O which 
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implies that gi 2 {,x) — (712(^) ^ C 3 = (5^3(x)). Again, we have already proved 
that the degrees of gi 2 {x) and (712(^) is less than degree of gz{,x). Hence, 
deg(5fi2(a;) - g[ 2 {x)) < deg(5(3(a;)), which implies that gi 2 {x) - g[ 2 {x) = 0. 
This gives 012(3:) = 0i9(3:). Similarly we can show quix) = QtAx) for all 
1 <i < {2k-l). Hence, Ai - Hi = 0. Thus Ai = B^. Thus Ai is unique. □ 

Theorem 3.2. Let C = (Ai,A 2 ,--- ,^ 2 ^) he an ideal of the ring 
Then the following relations hold in the ring . 


g 2 kix)\g 2 k-iix)\ ■ ■ ■ \gk+ 2 ix)\gk+iix) and gkix)\gk-iix)\ ■ ■ ■ \g 2 ix)\gi{x)\{x^ - 1), 


gk+i{x)\gi{x), for 1 < i < /c, 

— 1 

gi+i{x)\ — i-^gii{x), for 1 < i < 2A; - 1, 
gi{x) 

For a £x j, where 1 < j < 2A; — 1, 
x'^ _ 1 x'^ _ 1 

9 i+j{x)\—— -^- ^gi(i+j-i){x), for l<i< 2 k-j 

gi{x) gi+i{x) gi+j-i{x) 

gk+i{x)\g(k-(i- 2 ))k{x), ior 2 <i<k, 

gk+i+i{x)\rii{x), for 1 < i < k - 1 , where 


ruix) = gii{x) 


gi{x) 


■fl'(fc+i)(fc+i) (3:), 


gk+i{x) 

gk+i+j+i{x)\ri(i^j){x), ioi 1 <i < k — 2 and l<i<k — i — 1 , where 


( 2 ) 

( 3 ) 

( 4 ) 


( 5 ) 

( 6 ) 

( 7 ) 


A(i+j)(3:) gi(ij^j){x) ^ ^ ^ ^ g{k+i+i)(k+i+j){x') 


9k-\-i\^) 


“ gk+i+i{.x) 


( 8 ) 


and 


- 1 


gi+j+i{x)\ —^Si(i+j)(a;), for 1 < i < 2A; - 2 and l<j< 2 k-i-l, 


g^x 


where s,, 


*(3:) gui^x) and (x) (3:) ^ ^ ^ 9(i+i){i+j)ix) 


(9) 


Proof. (2) For 1 < i < /c — 1, we have uAi G C. Therefore, gi{x) G Cj+i = 
(5fi+i(3;)). This gives gi+i{x)\gi{x). Again, for 1 < i < /c - 1, we 
have uAk+i G C. Therefore, gk+i{x) G C^+i+i = {gk+i+i{x)). Thus, 
fl'fc+i+l (3:) I (3:) • 

(3) For 1 < i < A;, we have vAi G C. This gives gi{x) G Ck+i = {gk+i{x)). 
Thus, gk+i{x)\gi{x). 
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(4) For 1 < i < 2A; — 1, we have 


9i{^) 

Ci+I = {gi+i{x)). Hence, gi+i{x)\^^gii{x 


Mi e C. Therefore, ^^gii{x) 


(5) For j = 1, Condition 5 is reduced to Condition 4. For j = 2 and for 
1 < i < A;, we have 

— — ’ 3i(H 9i+iW ^ gi{x) gi+i{x) 

£^(7,(fc+i)(a;)+- • ■+u’^~^^^^^gi{ 2 k-i){x)). From Condition 4, we 

Therefore the coefficient of m* is 


have ^i+i(a;)||y^ii(a;). 


^n_i 

gi(x) gi+i{x) 
i+la;**-l x"-l 


9 iiix) = 


a;"-l 


i^^guix)) = 0. Thus, 


a;"-l x"-l 


U 


gi+l{x)^ gi{x)^'^'^^'^ > > ^•■•-^>-^1 g^[x) gi+-i_(x)"^^ 

gik{x) + + • • • + This 

^ <^*+2 = { 9 i+ 2 {x)). Hence, we have 

5 fi+ 2 (a;)||^^^^ 5 (i(i+i)(a;). Now for A; + 1 < i < 2A; - 2. Let A = A; + / 

for 1 < / < - 2. We have M fc+i = 

— — gk+iyx) gk+i+im ^ ^ gk+i{x) gk+i+i{' 


«‘+o(‘+o(i^)+'“'*‘ifhj)5£dj)«*+'ii‘+'+‘i("^>t'' '^"'"‘iEdisSTk 

J(s+i)( 2 ii-i)( 2 :))- From Condition 4, 9fc+i+i(i)| jj^9(ii+i)(i+i)(i). There- 
fore, the coefficient of u’'v is . g(k+i)(k+i)ix) = x 

g(k+i)(k+i){x) = 0. This gives £^^^^^^g^k+i){k+i+i){x) G Ck+ 1+2 = 
{gk+i+ 2 {,x)). Hence, we have gk+i+ 2 {,x)\^^^^^^^^g(^k+i){k+i+i){x). 
Since i = k +1, thus 9 i+ 2 {x)\^^^^;^ 9 i{i+i){x), for k + 1 < i < 2k-2. 
This proves the condition for j = 2. Similarly for others value of j we 
can prove the Conditions 5. 


(6) We have A = u''~^gi{x)+u^gii{x)+u^^^gi(^i+i){x)-] -hM“^fi'i(fc-i)(a;) + 

v{9ik{x)+ugi(k+i){x)+u^9i{k+2){x)^ - \-u’^~^gi^2k-i){x)), iorl<i<k. 

Therefore, Ak-^i-2) = u’^~^^-^^9k-{i-2)ix) + u’^~^^-‘^'>9(^k-(i-2)){k-{i-2))ix) 

_|_ {t + ••• + ^g(^k-{i-2)){k-l){x) + 

x{9(k-{i-2))k{x) + Ug(^k-{i- 2 ))(k+l){x) + u'^ g(k-{i- 2 ))(k+ 2 ){x) + •■• + 

M"^ 5 f(fc_(i_ 2 ))( 2 fc-i)(ai)), for 2 < i < A;. Thus, u^~^Ak-(i-2) = 

v{u^~^g(k-{i-2))k{x) + u^9ik-{i-2mk+i){x) + u^^^g(k-{i-2)){k+2){x) H-h 

M*’^^^"*"^)5'(fc-(i-2))(2fc-i-i)(ai) + M*'^(^"*"i)fi'(fc-(*- 2 ))( 2 fc-*)(ai)) e C. This 
implies that g(k-{i-2))k{x) G Ck+i = {9k+i{x)). Hence, the condition 
9k+i{x)\9{k-{i-2))k{x) for 2 < i < A; is proved. 

(7) For 1 < i < A; - 1, M = u^-^gi{x) + u^9n{x) + M*+^ 5 (j(i+i)(a;) H-h 

u'^~^gi(k-i){x)+v{gik{x)+ugi^k+i){x)+u‘^9iik+2){x)^ -hM"^5'i(2fc-i)(ai)) 

and Ak+i = v{u^-^gk+i{x) + u^g^k+i){k+i){x) + u^^^g^k+i){k+i+i){x) + 
■ ■ ■ + u’^-^g^k+i){2k-i){x)). Now vAi - ^^Ak+i = v{u^{gu{x) - 
9 {k+i){k+i){x)) + u^^\gi^i+i){x) - ■^^g(^k+i){k+i+i){x)) + ••■ + 
u'^~^{gi{k-i){x) - -^^g(k+i){2k-i){x))) G C. This implies that guix) - 
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^^g(^k+i)ik+i){x) e Ck+i+i = {gk+i+i{x)). Hence, gk+i+i{x)\gii{x) - 
gli%) 9(k+i)(k+i)ix). That is gk+i+iix)\rii{x), where rii{x) = gu^x) - 
g^+ilx) 9{k+i){k+i) (x) ■ 

(8) From the proof of Condition 7 wehave vAi — -^i^^Ak+i = v{u^{gii{x) — 

gk+i(x) 9(k+i)(k+i) (x)) + U (x) — ^^^g(^k+i){k+i+l)ix)) + ••• + 

u’‘-\9i{k-i){x) - ^^^g^k+i)i 2 k-i){x))). Now vAi - ^^Ak+i - 

g^k+i+i){k+i+i){^)) + - • ■+u’^ ^{9^{k-l)(x)-^^g^k+i){ 2 k-i)(x)- 
g(k+i+i)( 2 k-i)ix))) e C. This implies that gi(i+i){x) - 
9{k+i){k+i+l)ix) |-j^^5'(A:+i+l)(fc+i+l) (^) ^ Ck+i +2 — (fi'fc+i+ 2 ( 2 ^))• 

Hence, gk+i+2{x)\9i{i+i){x) - ^^g(^k+i){k+i+i){x) - 

g(k+i+i){k+i+i){x). That is gk+i+ 2 {x)\ri^i+i){x), where ri^i+i){x) = 
9i{^+i)i^) - ^^)9{k+i){k+i+i){^) - ^^^^^9{k+i+i){k+i+i){^)- We have 
shown for j = 1. Similarly we can show for other value of j. 

(9) For 1 < i < A;, Hi = u"~^gi{x) + u^ 9 ii{x) + u^^^gi(i+i){x) + •■■ + 

u'^~^gi(k-i){x)+v{gik{x)+ugi^k+i){x)+u‘^9iik+2){x)^ - \-u’'~^gi^2k-i){x)) 

and Ak+i = v{u^-^gk+i{x)+u^g^k+i)ik+i){x) + u^^^g^k+i){k+i+i){x)^ -h 

'*^^~^fi'(fc+i)( 2 fc-i)(a^))- First we prove the condition for J = 1. Fori <i < 
/c-1. We can write for ^Ai - Hi+i = M*+H|^c/i(i+i)(a;)- 

• ■ ■ + - ^i^9{i+i){k-i){x)) + v{{^gik{x) - 

+ ^i^9i(k+i){x) - ^^l^)9{i+i){k+i){x)) + 

■ • ■ + u’"~\^9^{2k-l){x) - ^i^9{i+i){2k-i){x))). Hence, 

e Ci +2 = { 9 i+ 2 {x)). Therefore, 
9 i+ 2 {x)\^{gi(i+i){x) - ^^^(i+i)(i+i)(a;)), for 1 < i < A; - 1. Simi- 
larly by calculating and ^ 

”‘**”yi],7 ''*fc+i+i' for 1 < / < (t-l wecanshowft+2(dlfp-(ffi(i+i)(i^)- 
f^^ 5 ((i+i)(i+i)(a;)), for A; < A < 2A;-2. This implies that gi+ 2 {x)\^^ 


Si(i+i)(a;), where Sii{x) = 9 ii{x) and Si(i+i)(a;) = 9iii+i){^) - ^5^ 
5 i(i+i)(i+i)(a;). Now we prove for j = 2. For l<i<A; — 2we can write 

a:'*-! A _ x'^-l Sii(x) a _ ^t(t+l)0 a _ i+2 x"-l / / N _ 

adA * gi{x) 9i+iiA adA 9i+2{x) *+2 gi(x) ) 

gi+[(A9ii+dd+A(^) ~ 77^;^fi'(*+2)(*+2)(2^)) H h ^i'^d^9iik-l){x) — 

“ S(^Sw^?h+2)(fc-i)(^)) + ^ii^9^k{x) - 

^d^^~^9{i+i)k{x) - ^gZltx)'^9(i+2)k{x)) +u{^^gi(k+i){x) - 
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Siijx) ^ / \ x'^-l Si(i+l){x) ^ / NN 

gi+l{x)9{i+l){k+l)[^) 3 ,( 3 .) g.^ 2 (a:) 9{i+2){k+l)[X)) + 


+ 


gi{ 2 k-l){x) g.(x)\i+l(i) 5 '(i+l)( 2 fc-l)(ai) g.^2(a;) 5 '(i+ 2 )( 2 fc-l)(ai))). 

Therefore, (^,(,+2) (^i) - g^^(^+i)(i+2) (x) - ^ ^7(^+2)(i+2) (a^)) e 


fc— 1 /' — 1 

9i{x) 


9i+lix 

Ci+3 = {gi+3{x)). Hence, gi+3{x)\^{gi^i+2){x)-j^^g^i+i)^i+2){x)- 
'-j^^gii+2){i+2){x)) or gi+3{x)\^Si^i+2)ix), where Si(i+2)(a;) = 

{gi{i+ 2 ){x) - i^)g{i+i){i+ 2 ){^) - '-j^^g(i+2){i+2){x)). Similarly by 
calculating 
x^-lA 


9k-l(x)' 

x" —1 Sfefc(x) A 
- :2±i 


9kix)^ ^ gk{x) gk+i{x) gk(x) 9 ^+ 2 (x) 

S(fc + i)(fe+i)(x) . S(fc_,.i)(fc+i + i)(x) . 

3.+,+l(x) 


9fc-l(x) 3fe(H gk-l{x) gk+l{x) ^^+1’ 

x"-l 




gfc+i(x) 9k+l{^) 

ik+i+2, for 1 < Z < /c — 2 we 
can show giA-3{x)\^^Si(^iA-2){x), for k — 1 < i < 2 k — 2 . By the same 
fashion we can prove the Condition 9 for the others value of j. 

□ 


gk+i(x) gk+i+ 2 ix) 
I x"-l, 


The following theorem characterizes the free cyclic codes over R^k y 2 p. 

Theorem 3.3. IfC= (Hi, H 2 , • • • , A 2 k) is a cyclic code over the ring Ry^k y 2 p, 
then C is a free cyclic code if and only if gi{x) = g 2 k{x). In this case, we have 
C = (Hi) and Hi|(x” — 1) in Ruk ^„2 p. 

Proof. Let gi{x) = g 2 k{x). From Condition 2 and condition 3 of Theorem 
Owe have g 2 k{x)\g 2 k-\{x)\ ■ ■ ■ \gk+ 2 {x)\gk+\{x), gk{x)\gk-i{x)\■ • ■ \g 2 {x)\gi{x) 
and gk+i{x)\gi{x), for 1 < i < fc, this gives gi{x) = g 2 {x) = ■■■ = g 2 k{x). Here, 

we have Im0 = {gi{x) + ugii{x) ^ - Iu^~^g^k-i){x),ug 2 {x) + v?g 22 {x)^ -h 

u'^~^g 2 [k-i){x), - ■ ■ ,u'^~‘^gk-i{x) + u^~^g{^k-i){k-i){x),u'^~^gk{x)) and ker0 = 

x{gk+l{x)+Ug(^k+l){k+l){x) + - ■ ■+U^~^ g(^k+l){2k-l){x) ,Ugk+2{,x)+V? g{^k+2){k+2){.x) + 

- Iu^~^g{k+2){2k-i){x), ••• ,u^~‘^g2k-i{x) +u^~^g(2k-i){2k-i){x), U^~^g2k{x)). 

(See Equation [T] for the dehnition of (f). From the Theorem 3.3 of [20], we get 

that if gi{x) = gk{x) then Im0 = {gi{x) + M 5 'ii(a;) +-h gi(k-i){x)) 

and if gk+i{x) = g 2 k{x) then ker0 = v{gk+i{x) + ug(^k+i)(k+i){x) + ••• + 
g(k+i){ 2 k-i){.x)). Therefore, we can write C = {gi{x) + ugii{x) + • • • + 
u^~^g^k-i){x) + v{gik{x) + ug^k+i){x) + ••• + u^~^gi(2k-i){x)),v{gk+i{x) + 

ug(k+i){k+i){x) + ••• + u^~^gi^k+i){ 2 k-i){x))). Now we show that gii{x) = 
g(^k+i){k+i){x) ioi I <i <k-l. We can write uHi - ^^^^H^+i = nn( 5 fii(a;) - 

^f^(7(fc+i)(fc+i)(a;))+M2i;(^i2(a;)-^J^^(fc+i)(fc+2)(ai))+---+M'=-^n((/i(fc_i)(a;)- 

-^^^g{k+i){ 2 k-i){x)) e C. This implies that gii{x) - -^^g(k+i){k+i){x) e 
Cfc +2 = {gk+ 2 {,x)). This gives gk+ 2 {,x)\{gii{x) - ■^^^g(k+i){k+i){.x)). Since 
gi{x) = gk+i{x) = gk+ 2 {x), we get gi{x)\{gn{x) - g^k+i){k+i){x)). Note that 
deg( 5 (ii(a;)),deg( 5 ((fc+i)(fc+i)(a;)) < deg( 5 (i(a;)), this implies that 5-11 (x) - 

g(k+i){k+i){x) = 0. Therefore, 5 'ii(x) = g(k+i){k+i)ix). Hence, nHi-^^^^H^+i = 
u^v{gi2{x) - ^^g(^k+i)ik+2){^)) + uh{g33{x) - ^^g(^k+i)ik+3){x)) + • • • + 
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^v{g^k-i){x) - -^^g^k+i)( 2 k-i){x)) e C. Again, from the above expres¬ 
sion it is easy to see that guix) - ^^g(k+i){k+ 2 )ix) G Ck +3 = {gk+six)). In a 
similar way, as above we can show gi 2 {x) = g(^k+i){k+ 2 ){x). By continning this 
way, we can show gu{x) = g(^k+i){k+i){x) for 3 < i < k — 1. This implies that 

vAi = Ak+i. This gives C= {gi{x)+ugn{x)-\ - \-u’‘~^gi(k-i){,x)+v{gik{x) + 

ugi{k+i)(,x) H-h u’‘~'^g^ 2 k-i){x))) and C ~ Hence, C* is a free 

cyclic code. Conversely, if C is a free cyclic code, we must have C = {gi{x) + 

ugii{x) H- u’'~^gi^k-i){x) + v{gik{x) + ugnk+i){x) H-hM*^"^5'i(2fc-i)(a:))). 

Since u^~^vg 2 k{x) G C, we get u^~^vg 2 k{x) = agi{x) for some a G Fp. 

Note that g 2 k{x)\gi{x), hence by comparing the coefficients both sides, we 
get gi{x) = g 2 k(x). For the second condition, by division algorithm, we have 
x^ — 1 = Aiq{x) + r{x), where r{x) = 0 or deg(r(a;)) < deg( 5 fi(a;)). This 
implies that r{x) = {x^ — 1) — ^ 1 ^( 0 ;) G C. Note that Ai is the lowest degree 
polynomial in C. So r{x) = 0. Hence, Ai|(a;” — 1) in i?„fcp ,2 p. □ 

Note that we get the simpler form for the generators of the cyclic code over 
„2 p, like in the above theorem, if we have gi{x) = g 2 {.x) = ■ ■ ■ = gi{x), for 
2 < i < 2k — 1 and g 2 k{x) = g 2 k-i{x) = ■ ■ ■ = gi{x) for 2 < i — 1. 

3.1. When n is relatively prime to p. 

Let n be relatively prime to p. If C = (Ai, A 2 , • • • , A 2 A;) is a cyclic code 
of length n over the ring „2 p then we have Im^ = {gi{x) + ugii{x) + 
- \-u’^~^gi(k-i){x),ug2{x)+u‘^g22{x)^ - \-u’'~^g2{k-i){x), ■ ■ ■ ,u’'-'^gk-i{x) + 

u’'~^g{k-i)(k-i){x),u’'~^gk{x)) and ker0 = v{gk+i{x) + ug^k+i){k+i){x) H-h 

^g{k+l){ 2 k-l){x),Ugk-\- 2 {x) + u‘^g{k+ 2 ){k+ 2 ){x) + ■ ■ ■ + U^ ^ g(k+ 2 ){ 2 k-l){x), ••• , 
u^~‘^g 2 k-i{x) + g{ 2 k-i)( 2 k-i){x), u^~^g 2 k{x)). (See Equation [1] for the def¬ 

inition of 0). Since n is relatively prime to p then from Theorem 3.4 of j20j . 
we have Im0 = {gi{x) -|- ug 2 {x) u^~^gk{x)) and ker0 = v{gk+i{x) -|- 

ugk+ 2 {x) -F u'^~^g 2 k{x)) with g 2 k{x)\g 2 k-i{x)\ ••• \gk+ 2 {x)\gk+i{x) and 

9 k{,x)\gk-i{x)\■ ■ ■ \g 2 {x)\g\{x). We also have the condition gk+i{x)\gi{x) for 
1 < i < k from Condition 3 of Theorem 13.21 Therefore, the code C can be 

written as C = {gl{x)+ug 2 {x)^ - Vu^~^gk{x)+v{glk{x)+ugl{^k+l){x)^ -h 

gi( 2 k-i){x)),v{gk+i{x) + ugk+ 2 {x) H- V g 2 k{x))) with the same con¬ 

ditions as above on gi{x)^s. From Condition 5 of Theorem 13.21 for i = 1 
and k < j < 2k - 1, we get 9j+iix)\^^ ''' ^ 9 ij{x). Since n is 
relatively prime to p, x"' — 1 can be uniquely factored as product of dis¬ 
tinct irreducible factors. Therefore, we must have g.c.d. (^gj+i{x), = 1, 

for 1 < I < j. This gives gj^i{x)\gij{x). From Theorem 13.11 we have 
deg( 5 fij(a;)) < deg( 5 fj+i(a;)), for k < j < 2k - 1. This gives gij{x) = 0, 
for k < j < 2k — 1. Thus we have proved the following theorem. 

Theorem 3.4. Let C = (Ai,A 2 ,--- ,A 2 A;) be a cyclic code over the ring 
/?„fcp ,2 p of length n. If n is relatively prime to p, then we have C = {gi{x) -|- 
ug 2 {x) +-h u^~^gk{x),v{gk+i{x) + ugk+ 2 {,x) +-h u^~^g 2 k{x))) with the 
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condition g 2 k{x)\g 2 k-i{x)\ ■■■ \gk+ 2 {x)\gk+i{x), gk{x)\gk-i{x)\■ ■ ■ \g 2 {x)\gi{x) 
and gk+i{x)\gi{x) fori <i <k. 

4. Ranks and minimal spanning sets 

In this section, we find the rank and minimal spanning set of a cyclic code C 
over the ring R^k ,p 2 p. We follow Dongherty and Shiromoto m page 401] for 
the definition of the rank of a code C. We first prove the number of lemmas 
that we use to find the rank and minimal spanning set of these cyclic codes. 


Let C = {Ai, A 2 , • • • , A 2 k) be a cyclic code over the ring ^ (see page 

|5] for Aj’s). We know that Ci = {gi{x)), for 1 < i < 2fc (see page [6]). Let 
ti = deg( 5 'i(x)) for 1 < i < 2k. From Conditions 2 and Condition 3 of Theorem 
E21 we have g 2 k{.x)\g 2 k-i{,x)\ ■ ■ ■ \gk+ 2 {.x)\gk+i{x), gk{,x)\gk-i{x)\■ ■ ■ \g 2 {x)\gi{x) 
and gk+i{.x)\gi{x) loi 1 < i < k. Therefore, we get R > ^2 > ••• > 

4+1 > 4+2 >--->hk and U > tk+i for 1 < z < fc. 

Lemma 4.1. Let C = {Ai, A 2 , • • • , A 2 k) be a cyclic code over the ring Ruk p 2 p. 
For 1 < i < k, we get the following: 

(1) Any polynomial in C of the form v{u^~^po{x) + u^pi{x) + u'^~^^p 2 {x) + 

■ ■ • + u^~^pk-i{x)) can he written as qo{x)Ak+i + qi{x)Ak+i+i + • • • + 
qk-i-i{x)A 2 k-i + qk-i{x)A 2 k and 

(2) any polynomial in C of the form u^~^po{x) + u^pi{x)+u^^^p 2 {x) +■ ■ ■ + 

u^~^Pk-i{x) +v{pk+i{x) + upk+2{x) + vfpk+zix) H-h u'^~^p2k{x)) can 

he written as qo{x)Ai + qi{x)Ai+i H-h qk-i-i{x)Ak-i + qk-i{x)Ak + 

Qk+l{x)Ak+l+qk+ 2 {x)Ak+ 2 +Qk+ 3 {x)Ak +3 + - ■ ■+q2k-l{x)A2k-l+q2k{x)A2k 

for some qo{x),qi{x), - ■ ■ , qk-i-i{x), qk-i{x), qk+i{x), ■ ■ ■ ,q 2 k{x) G Fp[a;]. 

Proof. (1) Let A' = v{u'^~^po{x) +u^pi{x) + u'^~^^p 2 {x) -{ - \-u'^~^pk-i{x)) G C. 

This implies that po{x) G Ck+i = {gk+i{x)). That is gk+i{x)\po{x), thus, 
Po{x) = qo{x)gk+i{x) for some qo{x) G Fp[a;]. We have 

Ak+i v{u gk-\-i{pf) T U g[k+i){k+i){x') 

+ M*+^5((fc+i)(fc+i+i)(a;) H-h u^~^gi^k+i){2k-i){x)). 

Therefore, 

A' - qQ{x)AkJ^i = v{u\pi{x) - qo{x)g(k+i)(k+i){x)) 

+ M*'^^(p2(ai) - qQ{x)g(k+i)(k+i+i){.x)) + M*+^(p3(a;) - qo{x)g(k+i)(k+i+2){.x)) 

H-h v!^~^{pk-i{x) - qQ{x)g(^k+i){2k-i){x)). 

Since A', Ak+i G C and C is an ideal, we get A' — qQ{x)Ak+i G C. This implies 
that 

Pli.X^ Qoi,X^ g(k+i)ik+i)i.^^ ^ ^k+i+l (l?fc+i+l (^)) ■ 


Thus, 


gk+i+i{x)\{pi{x) - qo{x)g(^k+i){k+i){x)). 
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Therefore, 

Pi{x) - qo{x)g(k+i){k+i){x) = qi{x)gk+i+i{x) 
for some qi{x) G Fp[a;]. Again, 

A' - qo{x)Ak+i - qi{x)Ak+i+i 

= v{u'‘^\p 2 ix) - qo{x)g(k+i)(k+i+i)ix) - qi{x)g(k+i+i){k+i+i){x)) 

+ u'^‘^{ps{x) - qo{x)g(k+i){k+i+2)ix) - qi{x)g(k+i+i){k+i+2)ix)) 

H-h u^~^{pk-i{x) - qo{x)g^k+i){ 2 k-i){x) - qi{x)g^k+i+i)i 2 k-i){x)). 

Proceeding in this way, after k — i times we get 

- qo{x)Ak+i - qi{x)Ak+i+i - qk-i-i{x)A2k-i 

= vu’^~^{pk-i{x) - qo{x)g(k+i){ 2 k-i){x) - qi{x)g(^k+i+i){ 2 k-i){x) 

— ■ ■ ■ — qk-i-i{x)g(^ 2 k-i)( 2 k-i){x)) G C, 
for some q 2 {,x), qs^x), - ■ ■ , qk-i-i{x) G Fp[a;]. This implies that 

Pk—ii^x') *?o(^)l/(fc+i)( 2 fc— 1 ) (^) qi(^X^g(^k+i+l)( 2 k—l)(^x') 

— ■ ■ ■ — qk-i-l{x)g( 2 k-l){ 2 k-l){x) G C 2 k = {g 2 k{x)). 

That is 

Pk—i{x) qo{x)9(k+i)(2k—l){x^ O'! (x)^(fc_|_j_|_iy2fc—1) ( 2 ^) 

— • • • — qk-i-l{x)g{2k-l){2k-l){x) = qk-i{x)g2k{x) 
for some qk-i{x) G Fp[x]. Therefore, 

A' - qo{x)Ak+i - qi{x)Ak+i+i - qk-i-i{x)A2k-i - qk-i{x)A2k = 0. 

This gives, 

= go(2^)Afc+j + qi{x)Ak+i+i + ••• + qk-i-i{x)A2k-i + qk-i{x)A2k- 
This proves Statement 1. 

(2) The proof is similar to 1. □ 

This lemma is referred in the proof of Lemma 14.31 and Lemma 14.41 

Remark 4 . 2 . Note that in the proof of Statement 1 of Lemma ITTl we have 
the following relation between Pj{x) and qj{x) ’s, for 0 < j < k — i and 1 < 
i < k : poix) = qo{x)gk+iix), pi{x) - qo{x)g(k+i)(k+i){x) = qi{x)gk+i+iix), 
■■■ and Pk-i{x) - qo{x)g(^k+i){ 2 k-i){x) - qi{x)gi^k+i+i)(2k-i){x) - qk-i-i{x) 

g(2k-l){2k-l){x) = qk-i{x)g2k{x) ■ 

This remark is referred in the proof of Lemma 14.31 

Lemma 4 . 3 . Let C = (Ai, A 2 , • • • , A 2 fc) he a cyclic code over the ring Ruk ,^2 p. 

Afc+i, for 2 <i<k, can he written as = Ck+i-iuAk+i-i 

+ qo{x)Ak+i + qi{x)Ak+i+i + q 2 {x)Ak+i+ 2 ^ - \-qk-i{x)A 2 k, for some Ck+i-i G 

Fp and qo{x), qi{x), ■ ■ ■ , qk-ilx) G Fp[x] with deg{qo{x)) < tk+i-i - tk+i, 
deg{qi{x)) < {tk+i-i - tk+i) or {tk+i - tk+i+i), deg{q 2 {x)) < (4+i-i - 4+i) or 
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(tk+i tk+i+i) or ■■■ and or 

{tk+i ^fc+i+l) or or • ■ • or {t2k—l ^2fc)- 


Proof. We have 


^fc+i v{u -|- M (ic) 

+ M*+^5f(fc+i)(fc+i+i)(a;) H-h u’^~^gi^k+i){2k-i){x)) 

M li (il-) “l~ 115 '(fc+i)(fc+i) ("!') “ 1 “ R Q{k+i){k+i+l){x') 

+ ■ ■ ■ + *5'(fc+i)(2fc-i)(a;)) 


and 

^fc+i—1 11 (^7fc+i—1 (hi) “1“ lll/(A:+i—l)(fc+i—1) (“H) 

+ 9(k+i-l){k+i){x) + • • • + *'''^5'(A;+i-l)(2fc-l) (si))• 

Since the above two polynomials gk+i{x) + ug(^k+i){k+i){x) + v?g(^k+i){k+i+i){x) + 

■■■“l“ll g(k+i)(2k—l){x') clIldgk-\-i—l(^x')pUg(^k+i—l)(k+i—l)(^x')pU g(^k+i—l)(k+i)(^x')p 

■ ■ • + g(^k+i-i){ 2 k-i){x) are regular, from Proposition 12.21 we can apply 

the division algorithm for these two polynomial. Let the leading coefficient 

of x^>^+^-^-^>^+^{gk+i{x) + ug^k+i)ik+i){x) H- u’'~'g{k+i){2k-i){x)) be a* and of 

gk+i-i{x) + ug(k+i-i)ik+i-i){x) H-h u’'~"+^g(k+i-i)i 2 k-i){x) be A_i. There 

exists a constant Ck+i-i G Fp such that a* = Ck+i-iPi-i. By the division 
algorithm, we have 

+ ug(^k+i){k+i){x) H-h u''~'g(k+i){2k-i){x)) 

= Ck-\-i-l{gk+i-l{x) + ug(^k+i-l)(k+i-l){x) + ■ ■ ■ + g(^k+i-l){2k-l){x)) 

+ {Po{x) +upi{x)^ -h u'^~'^^\x)pk-i+l{x)), (10) 

where po(x) + upi(x) + • • • + u^~^~^^(x)pk-i+i(x) is the remainder term and 
deg(po(ai)) < deg( 5 ffc+i_i(a;)) = 4+i-i. This gives by comparing coefficient 
Po(x) = x*>=+‘-^-*>=+‘gk+i(x)-Ck+i-igk+i-i(x), pi(x) = x*>=+^-^-*>=+‘g(k+i)(k+i)(x')- 
Ck+i-ig(k+i-i)(k+i-i)(x), •••, Pk-i{x) = a;*'=+*-i"*''+*5f(fc+i)(2fc-i)(ai) - Cfc+j-i 
g(^k+i-i){ 2 k- 2 ){x) and pk-i+i{x) = -Ck+i-ig{k+i-i){ 2 k-i){x). Multiplying both 
side of Equation [To] bv u'^~^v gives, 

x^*=+'-^~^*=+^v{vd-^gk+i{x) + u"g(k+i){k+i){x) H-h u^~^gi^k+i)(2k-i){x)) 

Ok+i—lXu{u gk+i—\{x)PU 5 '(A:+i—l)(fc+i— 1 ) (•H) T ■ ■ ■ T 11 l)( 2 fc— 1 ) ("ll)) 

+ v{vd~^pQ{x) + vdpi{x) H-h v!^~^{x)pk-i{x)). 


This can be written as 

^tu+i-i-tu+i ^ Ck+i-lUAk+i-i 

+ v{u^~^po{x) + vdpi{x) H-h v!^~^{x)pk-i{x)). 
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That is 


_ Ck+i-lUAk+i-l 

= v{u^~^po{x) + M>i(x) H-h v!^~^{x)pk-i{x)). 

Now a;*''+‘-i“*'=+*74fc+j and Ck+i-\uAkJ^i-i G C, this implies that 

x^k+i-i-tk+i_ Ck+^_^uAk+i-i 

= v{u'‘~^po{x) + M*pi(a:) H-h {x)pk-i{,x)) G C. 

From Statement 1 of Lemma 14.11 we can write 

v{u"~^Po{x) + u"pi{x) H-h v!^~^{x)pk-i{x)) 

= qo{x)Ak+i + qi{x)Ak+i+i H-h qk-i{x)A2k- 

for some qo{x), qi{x), • • •, qk-i{x) G Fp[x]. Hence, 

x^'^+'-^-^^+^Ak+i-Ck+i-iuAk+i-i = qo{x)Ak+i+qi{x)Ak+i+i^ - hqk-iix)A2k, 

that is, 


^tk+z 1 _ Ck+i-iuAk+i-\+qo{x)Ak+i+qi{x)Ak+i+i+- ■ ■+qk-i{x)A2k- 

This prove the hrst part of the lemma. Now we prove the degree resnlt. To 
show the degree resnlts, from Remark 14.21 we have 

Po{.x) = qo{x)gk+i{x), 


this implies that 

deg(po(a^)) = deg(go(a:)) + deg(5(fc+i(a;)). 


Therefore, 

deg(po(a:)) = deg(go(2:)) + tk+i- 
From Equation fTOl deg(po(3i)) < 4+i-i, thns 

deg(go(a;)) < tk+i-i - tk+i- 
Again, from EpnationHOl we have 

p^[x) = a;*''+‘-i"*'=+*5((fc+i)(fc+i)(a;) - Ck+i-ig{k+i-i){k+i-i){x). (11) 

Also, from Remark 14.21 we have 


Vi{.x) - qQ{x)g(k+i)(k+i){.x) = qi{x)gk+i+i{x). (12) 

Therefore, Eqnations fTTl and Eqnation \\2\ gives 


X g(^k+i){k+i)i^x') Ck-\-i—ig(^k+i—l){k+i—l)i^x') ^o(^)i7(fc+i)(fc+i) (^) 

= qi{x)gk+i+i{x). (13) 

The degree of the polynomial on right hand side of Eqnation [13] is less than 
or eqnal to the degree of highest degree polynomial on the left hand side. We 
have 

deg{qo{x)g(^k+i){k+i){x)) < deg{x^'^+*-^~^^+^g(^k+i){k+i){x)), 
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because deg{qo{x)) < 4+i_i -tfc+j. Thus, qo{x)g(^k+i)ik+i){x) is not the highest 
degree polynomial in the left hand side of Equation [131 Therefore, either poly¬ 
nomial a;‘'=+»-i"*''+4(fc+i)(fc+i)(x) or polynomial Ck+i-ig(k+i-i)(k+i-i){x) is high¬ 
est degree polynomial or both has equal degree. If x*'=+»-i“*'=+4(fc+i)(A:-i-i)(2i) is 
the highest degree polynomial. From Equation [13] we have 


deg{qi{x)gk+i+i{x)) < deg(a;*''+‘-i ^•^+^g(k+i)(k+i){x)) 

4-i-i—1 ^k+i T d.eg(^(^_|_jyfc_|_q (x)) 

From Theorem 13.11 we have deg{g(^k+i){k+i){x)) < tk+i+i- Therefore, 
deg(Q'i (2i)5'fc-i-j-i-i (ic)) < 4+2 T 4-i-i-i-i 


This gives 

deg(5'i(x)) -1- tk+i+i < tk+i-i — tk+i + tk+i+i- 

This implies that 

deg(gi(a;)) < 4+i-i - 4+i- 

Again, If Ck+i-ig{k+i-i){k+i-i){x) is the highest degree polynomial. From Equa¬ 
tion [131 we have 


deg{qi{x)gk+i+i{x)) < deg{ck+i-ig(k+i-i)ik+i-i){x)) 

From Theorem 13.1[ we have deg( 5 f(fc+j_i)(fc+j_i)(a;)) < tk+i- This gives, 

deg(gi(a;)) + tk+i+i < tk+i- 


This implies that 
That is hnally we get 


deg(gi(a;)) < 4+i - 4+i+i- 


deg(gi(a;)) < {tk+i-i - tk+i) or {tk+i - ^fc + Z+l) • 

Proceeding in a similar way we can prove that deg(g 2 (a;)) < (4-i-i-i “ tk+i) or 
{tk+i 4-i-«-i-i) or {tk+i+x tk+i+ 2 ) j ■ ■ ■ and deg(^fc_j(x)) <C {tk+i—x tk+i) or 
{tk+i — tk+i+i) or {tk+i+i — 4 + 1 + 2 ) or • • • or (t 2 fc-i — 4fc)- D 


This lemma is referred in the proof of Case [T] and Case [3] in Theorem 14.61 

Lemma 4.4. Let C = (Ai, A 2 , • • • , A 2 fc) he a cyclic code over the ring „2 p. 

fori <i<k, can be written as Ak+i = CivAi+qQ{x)Ak+i-\- 

ql{x)Ak+i+l + q 2 {x)Ak+i+ 2 ^ - 'rqk-i{x)A 2 k for some Ci G Fp and qo{x),qi{x), 

■ ■ ■ ,qk-i{x) e Fp[a;] with deg{qo{x)) < U-tk+i, deg{qi{x)) < {L-tk+i) or {tk+i- 
tk+i+i); deg{q 2 {x)) < (fj tk+i) or {tk+i 4+*+i) or {tk+i+i tk+i+ 2 )i ■ ■ ■ and 
dog{qk—i{x)) {ti tk+i) or {tk+i 4+i+i) or {tk+i+i tk+i+ 2 ) or • ■ ■ or {t 2 k—i 
t2k)- 

Proof. From Condition 3 of Theorem 13.21 we have gk+i{x)\gi{x) for 1 < i < k. 
This implies that gi{x) = Si{x)gk+i{x) for some Si{x) G Fp[a:]. This can be 
written as gi{x) = gk+i{x){sio + Siix-] -“*'=+*), where Sio, sn, • • • , 
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Hu-tk+i) ^ Clearly, 7^ 0 (by degree comparison). For 1 < i < k, 

we have 

Ai = u^~^gi(x) + u^guix) + u^"^^gi(^i+i){x) H-h u’^~^gi(^k-i){x) 

+ v{gik{x) + ugi(^k+i){x) + u‘^gi{k+2){x) H-h u^~^gi^2k-i){x)) 

and 


Ak+i = ^gk+i{x) + u"g(k+i){k+i){x) 

+ g(k+i){k+i+l){x) + • • • + ^ g(^k+i)(2k-l){x)) ■ 


Therefore, 


vAi - Si{x)Ak+i = v{u\gii{x) - Si{x)g(^k+i)ik+i){x)) + u"^^{gi(^i+i){x) 

- Si{x)g(^k+i){k+i+i){x)) H-h u^~^{gi^k-i){x) - Si{x)g^k+i)i2k-i){x))). 

Again, vAi — Si{x)Ak+i G C. From Statement 1 of Lemma l4Tl we have 

v{u\gii{x) - Si{x)gi^k+i){k+i){x)) + u'^^{gi(^i+i){x) 

- Si{x)g^k+i){k+i+i){x)) H-h u’"~^{gi^k-i){x) - Si{x)g(^k+i)(2k-i){x))) 

= q[{x)Ak+i+i + q2ix)Ak+i+2 H-h qk_i{x)A2k. 

for some q[{x), q 2 {x), • • •, q'k_i{x) G Fp[a;]. That is 

vAi - Si{x)AkJ^i = q[{x)Ak+i+i + q2{x)Ak+i+2 + ■■■ + q'k_i{x)A2k, 
thus 

Si{x)Ak+i = vAi - q[{x)Ak+i+i - q2{x)Ak+i+2 - ••• - qk_i{x)A2k, 
this can be written as 


(Sjo + SiiX + • • • + Si(^ti-tk+i)X^'' 

= vAi - q[{x)Ak+i+i - q2{x)Ak+i+2 - q'k_i{x)A2k- 


This gives, 

Si{ti-tk+i)X^' = vAi — (Sio + SiiX + • • • + *''+* ^)Ak+i 

- q'i{x)Ak+i+i - q'2{x)Ak+i+2 - q'k_i{x)A2k- 


Therefore, 


= vAi - g'(a;)Afc+j 

- q'i{x)Ak+i+i - q'2{x)Ak+i+2 - q'k_i{x)A2k, 

where q'Q^x) = Sjo + Sux + • • • + This implies that 

(a;)Afc+, - 

- - sT^^^_^^^^^q'k_i{x)A2k. 
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This equation can be written as 

Ak+i = CivAi + qo{x)Ak+i 

+ Qi{x)Ak+i+i + q2{x)A|^^i_^_2 + ■ ■ ■ + qk-i{x)A2k, 

where c, = qoix) = • • •, qk-iix) = -s-^l^_t,+^^q'k.,ix). 

The proof of the degree results are same as shown in Lemma 14.31 □ 

This lemma is referred in the proof of Case [H Case [2] and Case [3] in Theorem 

as 


Lemma 4.5. Let C be a cyclic code over the ring R^k y 2 p. If C = {vAi,vA 2 , 

■ ■ ■ , vAk), then the spanning set S of the code C is {vAi, xvAi, ■ ■ ■, x'^~^'^~^vAi, 
A 2 , XVA 2 , ■■ ■, • • •, vAk, xvAkr ■ ■, x^>=-^~^>‘~^vAk}. 

Proof. It is suffices to show that S spans the set S' = {vAi^xvAi, •••, 
x'^-'^-^vAi., A 2 , XVA 2 , ■ ■ ■, x''~'^~^vA 2 , ■ ■ ■, vAk, xvAk, ■ ■ ■, x''~*'‘~^vAk}. We 
can also visualize C as a p-module, hence as a cyclic code over the ring 
Ru^x- Therefore, from Theorem 4.2 of [20], it is easy to see that, the ele¬ 
ments of the set {x'^-^~'^vAk., x''^-^~'^^^vAk., ■ • •, x''~'’^~^vAk, x''^-^~'^-^vAk-i, 
x'>^-^~'>^-^+^vAk-i, •••, x'^~''^-^~^vAk-i, •••, x'^~'^vA2, x'^~'^~^^A2, •••, 
x"‘~'^~^A 2 } can be written as i?„fc p-hnear combination of the elements of the 
set {vAi, xvAi, • • •, x''~'‘^~^vAi, VA 2 , XVA 2 , • • •, x'^~'‘^~^vA 2 , • • •, vAk, xvAk, 

• • •, x''‘-^~'’^~^vAk}. This proves the lemma. □ 

Note that {vAi, VA 2 , • • • , vAk) is a subcode of the code {Ai, A 2 , • • • , 242^). 
This lemma is referred in the proof of Case [2] in Theorem 14.61 


Theorem 4.6. Let n be a positive integer not relatively prime to p and C 
be a cyclic code of length n over the ring Ruk ^^2 p. If C = {Ai, ^42, • • • , ^42^), 
deg( 5 (i(a;)) = U, 1 < i < 2k and f' = min{deg( 5 (i+i(x)), deg( 5 (fc+i(a;))}, 1 < i < 
k — 1, then C has free rank n — R and rank n + ti+t.^^+t 2 + ■ —h ti^_^ — (fk + 
4+1 -l- ■ ■ • -l- t 2 k)- The minimal spanning set B of the code C is {Ai,xAi, ■ ■ ■, 
x'^-'^-^Ai, A2 ,xA2, ■■■, x'^-'^-^A2,A3,xA 3, ■■■, x'^-'^-^As, ■■■, Ak^xAk, 

■■■, x'>‘-^-'>=-^Ak,Ak+i,xAk+i, 24fc+2, xAk+2, ■■■, 

x'i-'k+ 2 -^Ak+ 2 , Ak+3, xAk+3, ■■■, a;*2“*'=+3"Mfc+3, •••, 242^-1, a;242fc-i; •••, 
A2k,xA2k, ■■■, X^''=-l"*=''"^242fc}. 


Proof. It is suffices to show that B spans the set B' = {Ai, xAi, ■ ■ ■, x" 

A 2 , XA 2 , •••, •••, Ak, xAk, •••, Ak+i, xAk+i, •••, 

x^-'k+i-^Ak+i, Ak+2, xAk+2, •••, a;’"“*'=+2“Mfc+2, •••, -42^, xA2k, •••, 
To show B spans B' we write the set B' as B' = i?i U i?2, 
where Bi = { 24 i,X 24 i, •••, x''~''^~^Ai, A2,xA2, •••, ^3, aiAs, •••, 

x^-i 3 -^A 3 , ■■■,Ak, xAk, x''-'>^-^Ak} and B2 = {Ak+i, xAk+i, • • •, x'^-'-'^+^-^Ak+i, 
Ak+2, xAk+2, ■■■ , x''~'^+^~^, Ak+ 3 , xAk+ 3 , • • • , Ak+ 3 , • • • , ^2fc, xA2k, 

• • •, x"“* 2 fc-i^ 2 fc}. First we show that B spans B 2 and then we show that B 
spans Bi. To show B spans B 2 we divide the proof in three cases. 


Case 1. Let tk+i < tj+i, that is, f' = 4+*, for 1 < i < fc — 1. We define the set 
B 2 — B as an ordered set : 
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{a;i2fc-i-i2fc^2fc, a;*2fc-i-*2fc+iyl2fc, •••, a;*2fc-2-*2fc-iyi2fc, a;*2'=-2-*2fc-i^2fc_i, 
a;*2fc-2-*2fc-i+i^2fc-i, • • •, a;*2'=-3-*2fc-i-i^2fc-i, a;*2fc-2-t2fc+i^2fc, • • •, 

a;*2fc-3-*2fc-i^2fc, a;*2fc-3-*2fc-2242fc_2, a;*2'=-3-*2fc-2+i^2fc-2, • • •, a;*2fc-4-*2fc-2-i^2fc_2, 
a;*2fc-3-i2fc-i^2fc-i, a;*2'=-3-*2fc-i+i^2fc-i, •••, a;*2fc-4-i2fc-i-iyi2fc_i, a;*2fc-3-*2fc^2fc, 
a;*2fc-3-*2fc+i^2fc, ■ • •, a;*2fc-4-*2fc-i^2fc, ■ • • a;*'=+i“*'=+2Afc+2, a;*'=+i“*''+2+^74fc+2, • • •, 

2;G-4 + 2-l24^_l_2^ 2;ifc+l-4+3^^_l_g^ “*'= + 3 + ^ Afc +3 , •••, “**= + 3 “ Mfc_,_3, ••• 

Afc+i, a;*'=+i"*''+»+^24fc+i, • • •, a;*i"*'=+»"Mfc+i, • • • a;*''+i"*2fc-i^2fc_i, 

2;4+i-i2fc-i+i^2fc_i, •••, a;*'=+i“*2fcj42fc, a;*''+i“*2fc+iyi2fc, •••, 

a;*i-*2fc-i^2fc, a;*i“*''+i24fc+i, a;*i“*'=+i+Mfc+i, •••, Ak+2, 

a;ti- 4 + 2+1 ...^ a;''-*fc+ 2 -iAfc+ 2 , ••• a;*i“*'=+»A^+i, •••, 

... a;4-4fc-i^2fc-i, a;*i“*2fc-i+i^2fc-i, •••, a;"^“*2fc-i-i^2fc_i, 
2;4-4fc^2fc, a;*i“* 2 fc+i^ 2 fc, • • •, where is the first and 

a;"^“* 2 fc-i^ 2 fc is the last element of the set -B 2 — B. Rest of the elements are in 
the order as they appear in the set B 2 — B as given above. To nnderstand the 
pattern of order of the ordered set B 2 — B, we write the set as: 
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2,t2fc-2-t2fc^2fe, a;*2'=-2-*2fe+i/l2fc, • • • , a;*2'=-3-*2fe-iA2fc}U 

^2k-2) X ^2k-2) , ^ ^2k-2) 

rr^2k-3—t2k-l A rr^2k-3—i2k-l + l A rr^2k-4—t2k-l—^ A 

X ^2fc-l, X 2^2fc-l, , X 2^2fc-l5 

^t2k-3-t2k a;*2''-3-*2fc+i^2fc, • • • , a;*2'=-4-*2fc-iy42fc} 

U 

U 

{x'"+i"‘"+Mfc+2, a;‘'=+i-‘'=+2+^24fc+2, 

^4+i-4+3+1^^^3^ 

3.4+1-42.a:*''+i-*2''+^242fc, ••• , a:*i-*2'=-^242A:}U 

{x*i-*'“+Mfc+i, a;‘i-*'“+i+^24fc+i, • • • , a;’^-*''+i-^24fc+i, 

3.4- 4+224,^2, a:'i-*'=+ 2 +^ 24 fc+ 2 , • • • , x ^-^^+^-^ Ak + 2 , 

rv^^l ~ik + i A ry>^l ~^k + i~^^ A , ... rf^'^~^k + i~^ A , 

^ ^/c+25 ^/c+25 ? ^ -^fc+25 

3.4 - 42.-1 _l^ 3.4-42 ._i+1 ^^^_1^ ...^ Xn-t2k-4-l^^^_^^ 

a;'i-'2'=+iA2fc, • • • , a;’"-'^'=-^242fc} 

First we show that the hrst element ^ 2 ^ G S 2 — .B is a linear com¬ 

bination of some elements of B and then we show other elements of the set 
B 2 — B are linear combination of elements of B and its previous elements of 
the ordered set B 2 — B. For i = k, from Lemma [4.31 we have 

3,42fc-l-42.^2fc = C2fc-lt4242fc_l -F qo{x)A 2 k, (14) 

where deg(go(ai)) < t 2 k-i - t 2 k- Let 

qo{x) = qoo + qoix + • • • + go(4.-i-42.-i)a^*"''”^"*"""\ 


• • • , x^^-^'^+^-^Ak+2, 
• • • , x^^-^'^+^-^Ak+s, 
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where q^i G Fp. Thus, we have 

= C2k-lUA2k-l + qQQA2k + %lxA2k + ' ' ' 

+ (15) 

Therefore, A 2 k is a linear combination of some elements of B, that 

is a;*2fe-i-*2fc242fc e Span(i?). Now, we show that e Span(i?). 

Multiplying Equation [15] by x, we get 

^i2fc-i _ c2k-iuxA2k-i + qooxA2k + qoix^A2k + • • • 

+ *^''242fc. (16) 

If we put the value of A2k from Equation [TSl in Equation [T6l we get 

x^ 2 k-i _ (^c 2 k-iuqo{t 2 k-i-t 2 k-i)~^^^k-iux)A 2 k-i + qooqo{t 2 k-i-t 2 k-i)^‘ 2 k 

+ {QOO + (I0l(l0{t2k-i-t2k-l))^^‘ik + {QOI + ?02?0{t2fe-l-t2fc-l))^^242fc + ' ' • 

T (? 0 (t 2 fe-l—t 2 fc— 2 ) A Q'o(t 2 fe_i—t 2 fe —l)? 0 (t 2 fc-l—t 2 fc — 1 ))^ A 2 k- (11") 

Equation [T7| can be written as 

2,t2fe-i-t2fe+i^2fc = (c2fc-iugop2fc_i-t2fc-i) + C2fc-iMa;)2l2fc-i + qo{x)A2k, (18) 

where q'o{x) = googo{t2fc-i-42;c-i) + (?oo+goigop2,_i-t2.-i))a^+(9oi+go2gop2,_i-t2fc-i)) 
+ • • ■ + (go(i2.-i-i2.-2) + m2k-i-t2k-imt2k-i-t2k-i))^'"'^-"~'"'^~^ and also 
deg(go(x)) < t 2 k-i — t 2 k- This implies that a;* 2 fc-i“* 2 fc+i^ 2 fc is a linear com¬ 
bination of its previous elements in the ordered set B 2 — B and some elements 
of B. Hence, a;* 2 '=-i“* 2 fe+i^ 2 fc e Span(i?). (Note that multiplying Equation iTTI 
by X we get Equation [181 The degree of go(a^) in Equation [TH and degree of 
q'^ix) in Equation [TSl both are satisfying deg(go(a;)), deg(gg(a;)) < f 2 fc-i — t 2 k- 
That is, even after multiplying Equation [TT] by x, the degree of coefficient 
polynomial of 242*, in Equation [TS] does not exceed by t 2 fc-i — hk — 1- In fact, 
the degree of coefficient polynomial of 242^ in Equation [THI does not exceed by 
the degree of coefficient polynomial of 242A; in Equation [TT] Only the degree 
of coefficient polynomial of 242 A:-i is increased by one in Equation [T8| from 
Equation [TTj) . In a similar way, multiplying Equation [18] by x we can show 
that a:* 2 fc-i-*2/0+2242^ g Span(i?). And also it can be shown that degree of 
coefficient polynomial of A 2 fc will not be increased. Only the degree of coeffi¬ 
cient polynomial of A2k-i will be increased by one. In this similar way after 
t 2 k -2 — hk-i — 1 times we will get 

3.i2fc-2-i2fc-i^2fc = g_i(a;)A2A:-i + qo{x)A2k, (19) 

for some q-i{x), ^(((a;) G Fp[x] with deg(q'_i(x)) = 0^-2 - hk-i - 1 and 
deg(go(a:)) < t2k-i —t2k- From Equation [ 19 ] we can say that x^^'‘-^~*^*^~^A2k G 
Span(i?). Now the next term of a;*2'=-2-*2fc-i^2fc in ordered set B2 — B is 
a:*2fc-2-*2fc-i^2fc_i. To show A2k-i G Span(i?) we proceed as follows. 

For i = k — 1 , from Lemma 14.31 we have 

2,i2fc-2-i2fc-l^2fc_i = C2k-2uA2k-2 + qQ{x)A2k-l + qi{x)A2k (20) 
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where deg(go(ai)) < t 2 k- 2 -t 2 k-i and deg(gi(a;)) < {t 2 k- 2 -t 2 k-i) or (t 2 fc-i-^ 2 fc)- 
In the above discussion we have shown that G Span(i?), for 1 < 

* < t 2 k -2 — t 2 k — 1- Now we have t 2 k -2 > ^ 2 fc-i > ^ 2 fc which implies that 
t 2 k -2 - hk-i, hk-i - t 2 k < t 2 k -2 - hk- This gives deg(gi(a;)) < t 2 k -2 - t 2 k- 
Therefore qi{x)A 2 k is a linear combination of some element of B and pre¬ 
vious elements of term in the ordered set B 2 — B. That is 

qi{x)A 2 k G Span(i?). And also both the term C 2 k- 2 uA 2 k- 2 , qo{x)A 2 k-i G 
Span(i?) (since, deg((3'o(ai)) < t 2 k -2 -hk-i)- Therefore A 2 k-i is a 

linear combination of some elements of B and its previous elements in the or¬ 
dered set B 2 — B. Therefore, A 2 k-i G Span(i?). Now, we show that 

3™t2fc-2-i2fc-i+i^2fc_i G Span(i?). We follow the same techniques as above. Af¬ 
ter putting the value of A 2 k-i and A 2 k (or A 2 k) 

in the equation obtained by multiplying Equation [20] by x, we get 

^t2fe-2-t2fe-i+i^2fc_i = {qQQC2k-2U+C2k-2Ux)A2k-2+qo{x)A2k-i+q'i{x)A2k (21) 

for some q^Q G Fp and q'o(x), q[{x) G Fp[a;] such that deg(gQ(a;)) < ^ 2^-2 — hk-i 
and deg(g((a;)) < (t 2 fc -2 - ^ 2 ^- 1 ) or {t 2 k-i - hk)- (Note that after multiplying 
Equation [20] by x we get Equation [21] and the degree of coefficient polyno¬ 
mial of A 2 fc-i and A 2 A: does not exceed by t 2 k -2 — hk-i — 1 and (t 2 k -2 — 
hk-i — 1) or {hk-i — hk — 1) respectively. In fact the degree of coefficient 
polynomial of A 2 k-i and A 2 k in Equation [21] are not exceed by the degree of 
coefficient polynomial of A 2 k-i and A 2 A; respectively in Equation [20] Only 
the degree of coefficient polynomial of A 2 k -2 is increased by one in Equation 
m This fact can be shown by same techniques as shown above for getting 
Equation [TO] from Equation [TT|) . Therefore, it is clear from Equation [2T] that 
2;i2fc-2-i2fc-i+i^2A;_i G Span(i?). In a similar way, multiplying Equation [21] by 
X we can show that G Span(i?). And also it can be shown 

that degree of coefficient polynomial of A 2 A:-i and A 2 A; will not be increased. 
Only the degree of coefficient polynomial of A 2 k -2 will be increased by one. 
In this similar way after hk-?, — hk -2 — 1 times we will get 

a:*2'=-3-*2fc-i-i^2fc-i = q-i{x)A2k-2 + qo{x)A2k-i + q'i{x)A2k (22) 

for some q-i{x), q'^i^x) and g"(x) G Fp[x] with deg(g_i(x)) = hk-z - hk -2 - 1 
and deg(g(,'(x)) < hk- 2 -hk-i and deg(g('(x)) < {hk- 2 -hk-i) or (t 2 fc-i-^ 2 A;)- 
From Equation [22] we can say that x*2''-3-*2fc-i-i^2A;_i G Span(i?). Now the 
next term of x*2'=-3“*2fe-i-i^2A;_i in the ordered set B 2 — B is A 2 k- To 

show x* 2 ''- 2 “* 2 fe^ 2 A; G Span(i?) we multiply Equation [19] by x. Then we get 
x*2fc-2-*2fc^2A; G Span(i?). Repeating this for hk-z — hk -2 times we can show 
that x*2'=-3“*2fe-i^2A; G Span(R). In this fashion, for i = k — 2,k — 3, - ■ ■ ,2, 
from Lemma [4.31 we can show that the terms up to A 2 k G Span(i?) 

one by one. Now we have to show that x*i“*''+3Aa;+i G Span(R). For i = 1, 
by Lemma [4.41 we have the equation 

A;+1 = ciuAi + qo{x)Ak+i gi(x)AA;+2 

+ ?2(2^)Aa;+ 3 + ■ ■ ■ q'A:-l(a^)A2A:, (23) 
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for some Ci G Fp and qo{x), qi{x), •••, qk-i{x) G Fp[a;] with deg(go(a^)) < 
ti - 4 + 1 , deg(gi(a;)) < {ti - 4 + 1 ) or ( 4+1 - 4 + 2 ), deg(g 2 (a:)) < (ti - 4+i) or 
( 4+1 - 4 + 2 ) or ( 4+2 - tfc+s), • • • and deg(gfc_i(a;)) < (4 - 4 + 1 ) or ( 4+1 - 
tk+ 2 ) or (tfc +2 — 4 + 3 ) or • • • or (t 2 A:-i — 4fc)- We have shown np to now that 
a;*i-*''+2-^y4fc+2, a;*i“*'=+3“^74fc+3, •••, A 2 k G Span(i?). Therefore, the 

terms qi-i{x) Ak+i, for 1 < i < A; in Eqnation[23]are linear combination of some 
previons elements of A^+j, for 2 < i < A: in the ordered set B 2 — B and 

some elements of the set B. This implies that, qi_i{x)Ak+i G Span(i?), for 
1 < i < A;. Therefore, x^^~^^+^Ak+i G Span(i?). Mnltiplying Eqnation bv 
X, in a similar fashion as above we can show that Ak+i £ Span(i?). 

Repeating this for n — ti times we can show that Ak+i G Span(i?). 

Again, to show the elements from Ak +2 to A 2 k of the ordered 

set B 2 — B are in Span(i?), we nse Lemma IT^ and apply same techniqnes as 
applied above. 

Case 2 . Let 4+i > Aj+i, that is, t[ = 4 + 1 , for 1 < i < A; — 1. We dehne the set 
B 2 — B as an ordered set : 

a;*'=-*2'=+iyl2fc, • • •, x^-^^'^-^A2k, a;*''-i-*2'=-iyl2fc_i, a:*'=-i-*2fc-i+iyl2fc-i, 

... ^2fc — 1 ^ A -I ... ^fc+i A 7 • + A 1 ■ ... ^ /I , . ... 

5 ^2k—l’) ? -^/c+z? ? 

x*2-*fc+2Afc+2, a;*2-*fe+2+i4fc+2, • • •, a;’'“*'=+2"Mfc+2, A^+i, a;*i“*'=+i+Mfc+i, 

•••, a;”"*'=+i"Mfc+i}, 

where x^'^~^'^^A 2 k is the hrst and Ak+i is the last element of the set 

B 2 — B. Rest of the elements are in the order as they appear in the set B 2 — B 
given above. For i = k, from Lemma [4.41 we have 

2,ifc-t2fc^2fc = CkvAk + qo{x)A 2 k, (24) 

where deg(go(ai)) < tk - t 2 k- Let 

qoix) = goo + qoix H-h go(tfc-i 2 fc-i) 2 ^*''“*"''"\ 

where goi ^ IFp. Thns we have 

j.tk ^^i^A2k = CkvAk + qooA2k + qoixA2k + • • • + qo(tk-t2k-^)^^*" ^A2k- (25) 

Therefore, x^^~^^'^A 2 k is a linear combination of some elements of B, that is 
x^k-t2kA2k G Span(R). Next, we show that a:*'=“*2'=+M2fc G Span(R). Mnlti¬ 
plying Eqnation [22] by x we get 

j.tk ^'^k+~^A2k = CkVxAk + qooxA2k + qmX^A2k + -■ ■ + qQ(tk-t2k-i)^^'^ ^^^A2k- (26) 

As in Cased] if we pnt the valne of x^'^~^^'^A 2 k from Eqnation [221 in Eqnation 
[261 we get 

= {ckqo(tk-t2k-i)Qoo^ + CkVx)Ak + qQ{x)A2k- (27) 

for some go(ic) G Fp[a;] snch that deg(gg(a;)) < 4 — hk- (Note that mnltiplying 
Eqnation [22| by x we get Eqnation [27| and the degree of the coefficient poly¬ 
nomial of A 2 fc is not exceed by — 4fc ~ 1- In fact the degree of coefficient 
polynomial of A 2 k in Eqnation [27] does not exceed by the degree of coefficient 
polynomial of A 2 fc in Eqnation [231 Only the degree of coefficient polynomial 
of Ak is increased by one. Proof of this fact can be shown by same techniqne 
as shown in Cased] for getting Eqnation [TSl from Eqnation dTl) . From Lemma 
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14.51 we have x^vA^ G Span(i?) for 0<i<n — tk — 1. This implies that 
is a linear combination of its previons elements in the ordered set 
B 2 — B and some elements of B. Hence, G Span(i?). In a similar 

way, mnltiplying Equation ITTIbv x we can show that G Span(i?). 

And also it can be shown that degree of coefficient polynomial of A 2 k will 
not be increased. Only the degree of coefficient polynomial of A^ will be 
increased by one. In this similar way after n — tk times we can show that 
G Span(i?). Now we show that A 2 k-i G Span(i?). For 

i = k — 1, from Lemma 14.41 we have 

^^’^-~^A2k-i = Ck-ivAk-i + %{x)A2k-i + <ii{x)A2k^ (28) 

where deg{qo{x)) < 4 _i-f 2fc-i and deg(gi(a;)) < (4 _i-f 2fc-i) or (4^-1 -4fc)- 
In above discnssion (in Case [2]), we have shown that x^A 2 k G Span(i?) for 
0 < z < n — 4fc — 1- Therefore, qi{x)A 2 k G Span(H). Also, from Lemma 
m we have x^vAk-i G Span(i?) for 0 < z < n — 4-i — 1- And, we 
have qo{x)A 2 k-i G Span(i?) (since deg(go(ai)) < 4-i — 4fc-i)- Therefore, 
3;Zfe-i-t2fe-i^2fc_i G Span(H). Now we show that G Span(i?). 

We follow the same techniqne as shown above. After pntting the valne of 
^tk-i-t 2 k-i and (or A 2 k) in the eqnation obtained 

by Eqnation [23 by mnltiplying x, we get 

= {qoQCk-iv + Ck-ivx)Ak-i + qQ{x)A2k-i + q[{x)A2k (29) 

for some q^Q G Fp and q'oix), q'i{x) G Fp[a;] snch that deg(gg(a;)) < 4-i — hk-i 
and deg(g((a:)) < (4-i — hk-i) or (t2fc-i — 4fc)- (Note that after mnltiplying 
Eqnation [28] by x we get Eqnation [22] and the degree of coefficient polynomial 
of A2fc_i and A2fc are not exceed by -4fc-i -1 and -4fc-i -1 or 4^-1 - 
4fc — 1- In fact the degree of coefficient polynomial of A2fc-i and A 2 k in 
Eqnation [29] are not exceed by the degree of coefficient polynomial of A 2 k-i and 
A 2 k in Eqnation [28] Only the degree of coefficient polynomial Ak-i is increased 
by one. This fact can be shown by same techniqne as shown in Case [1] for 
getting Eqnation [18] from Eqnation [TT|) . Therefore, it is clear from Eqnation 
[29] that G textSpan{B). In a similar way, by mnltiplying 

Eqnation f[22]) by x, we can show that G Span(H). And 

also it can be shown that degree of coefficient polynomial of A2 A;-i and A 2 k 
will not be increased. Only the degree of coefficient polynomial of Ak-i will 
be increased by one. In this similar way after n — tk-i times we will get 
2;”--i2fc-i-i^2fc_i G Span(i?). In this fashion, for z = A; — 2, A; — 3, • • • , 1, from 
Lemma 14.41 we can show the rest of the terms in the ordered set B 2 — B are 
belongs to Span(i?) that is Ak+i G Span(i?). 

Case 3. Let / = {/i, /2, • • ■ , 4} for 1 < r < A; — 1 and 1 < /i < 4 < • • • < 
4-1 < 4 < A; — 1. Let Afc+j < 4+1 for z ^ /, 1 < z < A; — 1 and tk+i > 4+i for 
i ^ I. If r = k — 1 that is C = k — 1 then the this case will be rednced to 
Case [2] and if the set / is empty then this case will be rednced to Case [U We 
dehne the set B 2 — B as an ordered set : 

{x*2fc-l-*2fcH2fc, X*2fc-l-*2fc + lH2fc, • • • , U 

I rr.t2k-2—t2k-l A^, , ^t2k-2—t2k-l + l A ... .^i2fc-3 “i2fc-l —1 4 , 

\X /i2fc-l, X /i2fc-l, , X n.2k-l, 
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a;t2fc-2-t2fc^2fc, a;*2fc-2-*2fc+i^2fc, •••, a;*2'=-3-*2fc-i^2fc} U 

{a;t2fc-3-t2fc-2^2fc-2, •••, a;*2'=-4-i2fc-2-iyl2fc_2, 

a;*2fc-3-*2fc-i^2fc-i, a;*2fc-3-*2fc-i+i^2fc-i, • • •, a;*2'=-4-*2fc-i-i^2fc-i, 
a;t2fc-3-t2fc^2fc, a;*2''-3-*2fc+i^2fc, •••, a;*3fc-4-*2fc-i^2fc} 

U 


U 

a;4+i^+i-ifc+i^+3^^_^^^_^3^ a;ifc+i^+i-4+i^+3+iy4^_^^^_^3^ ... ^ a;**^+i“*fc+'’-+3“Mfc+;^+3, 
a:*''+'’'+i■*'=+*"+*24fc+z^+i, x^>‘+^r+i--tk+ir+i+^Ak+i,+i, • • •, a;*'’'+i"*'=+*-+»"Mfc+z^+i, 


2,tfc+i,+i-i2fc-i^2fc_i, a;*''+''-+i"*2fc-i+i^2fc-i, •••, a;**-+i"*2fc-i-i^2fc-i, 
a;*''+'’'+i“*2fc242fc, a;*'=+*^+i“*2fc+i242fc, •••, U 

{a:**-+i"*'=+*-+i2lfc+z^+i, a;**-+i"*'=+*-+i+Mfc+z^+i, •••, a;'^"*''+'’-+i"Mfc+z^+i, 

a^**"+i-*'=+*"+2Afc+z^+2, a;**-+i"*'=+*"+2’^^Afc+z,+2, •••, a;''"*''+'’-+2"^Afc+z,+2, 

X^^r + l-tk+lr + iAk^l^^i, X^‘r + l-tk+lr+i + iAk + l^+i, • • • , 2;’^-*'=+*-+^" ^ Afc+Z^+i , 


a;ti,+i-i2fc^2fc, a;*'’'+i"*2fc+i^2fc, • • •, a;”"*2fc-i^2fc} 


U 

{a;*''+'4-i“*'=+*2Afc+z,, ..., a;*'=+*2-2-*'=+*2-M;.+;J U 

{x• • •, a;*'=+*2-3-*'=+'.-i-iAfc+z^,_,, 

x"+'4-2"*'=+*Mfc+z,, x''+'4-3-*'=+*2+iylfc+z., • • •, U 

/ tfc+i,-3-ifc+i,'-2 /t ifc+i,'-3-tfc+i,'-2 + l /t ™ifc+i,--4-ifc+i,'-2-l /t 

l-i ^ 2 /l;,_|_z^._2, X 4 4 /lfc+Z^._2, ■■■,X 2 j /lfc_l_Z^._2, 

3 —1 /I ^^k+t^—3 ^fc+;,-—1 + 1 4 ^^k+lj—A lfc+;,- —1 1 4 

•I- ^ 2 /i;,_|_Z^,_l, X 2 3 ' ' ' 1 X 4 2 /i;,_|_Z^,_l, 

r^^k+l^—3 ^k+l^ A ^^k+h —3 lfc+i,-+l 4 4 ^k+l-j 1 4 1 

X ^ 2 /l;i ._,_;^,, X 3 2 /Ifc+Z^., • • • , X 2 J /Ifc+Zj- / 

U 


U 

r + Z„'_-^+2 1A: + /„'_-^+3 4 +2 Ifc+i+3 +1 4 

1+ ^ ^ ^ ^ +lfc+Zj_i+3; + 2 ^ 2 ^ /ik+lj.i+3, , 

™lfc + /„_l+l 1A: + /„'_;^+3 ^4 

X 3 ^ ^ /lfc+Z^_j+3, 

/y*lfc+^T_l+2 1A:+/„'_;^+4 4 ^lfc+^l_l+2 lfe+i^-_]^+4 + l 4 ... 

+ ^ ^ +lfc+Zj_i+4, x 2 i 1 i /lfc+Z^_^+4, • • • , 

™ZA: + /„_i+1 1A: + /„'_;^+4 1/1 

X 3 ^ 4 ^ +lZc+Zj_i+4; 

™Zfc+n_j+2~Zfc+n'_j+'i 4 ^^k+lj_-^+2~i-k+lj — \A-iX^ /I , , ... 

X 3 ^ 4 ^ /ifc+Z^_j+j, X 3 ^ 2 i /Ifc3_z^._j3_j, • • • , 

ifc+i ■_l+l~lfc+i ^l+i”! 4 

+ 41 j 1 /l;._l_Z^._j_l_j, 

T,lfc+i,_i+2-*fc+i,'-l 4. . .^lfc+i,_l+2-Zfc+i'-l + l 4 ... 

+ 41 1 /ifc_l_Z^._l, + 41 j /ifc_l_Z^._l, •••, 
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Ak+i^, ...^ 

{x^>^+h-i+^-^>^+h-i+^Ak+i^_^+-2, a;*'=+*^-i+i“*'=+*^-i+"+Mfc+i._,+2, • • • , 
x^h-i+^-^*‘+h-i+^-^ Ak+^_^+2, 

x^k+h-i+^-^^+h-i+^Ak+^_^+z, a;*'=+*^-i+'"*'=+*^-i+"+Mfc+i._,+3, • • •, 
x^h-i+^-^^+h-i+^-^ Ak+^_^+z, 

X 3 ^ ^ a; ^ ^ /±k-\-ij-i+i^ ? 

/v>^^7_l+l ^fc+^7_l+i ^ Aj j 

X 3 ^ 3 ^ /\k-\-lj-l+l^ 

rY>^k+lj_i+l~^k+lj — l 4, , rY>^h+lj_i+l~^k+lj — l'^^ A ^ ^ ^ 

/.^^h' — l+l ^fc + h'_l + l /I ^A: + /„_;^+l + l 4 ... 

n—tfe+j _ ^1 —1 4 

.>,** _i+i-ifc+i _i+2 4 h _j+i-tfc+i _j+2+i 4 „ ... 

^ ^ 2^fc+;j_i+2, a; J ^ j ^ ^fc+Zj_i+2, , 

n-4 + ; + 2-14 

ai ^ ^fc+Z2_i+2, 


ai ^ ^ X J ^ J ^ /±k+lj-i+i-i 1 

n—tj.+; ._j+i —1 4 
X ^ Ak+lj-i+li 


A-i+^-*'=+*.'24fc+z^., •••, 

U 

{x*''+'i-i-*'=+*i Afc+;^, X*''+'i-i“*'=+*i’''^2lfc+Zi, •••, X*'=+*i-2“*''+'i“ly4fc+;4 ^ 

{ai*''+'i-""*'=+*i-iAfc+Zi_i, x*''+'i-2-*'=+*i-i+iAfc+Zi_i, • • •, x*'=+*i-3-*'=+*i-i-iAfc+z^_i, 
X*''+'i-2“*'=+*iAzj+Zi, X*'=+*i-2"*'=+*i+1Azj+Zi, •••, X*''+'i-3"*''+'i"Mfc+Zi} U 
{a;*''+'i-3-*'=+*i-2ylA;+Zi-2, x*''+'i-3-*'=+*i-2+i^^_^;^_2, • • •, x*'=+*i-4-*'=+*i-2-i^^+;^_2, 
ai*''+'i-3-*'=+*i-iAfc+z,_i, x*'=+*i-3-*'=+'i-i+iAfc+z,_i, •••, x*'=+*i-4-*'=+*i-i-iAfc+z,_i, 
X^k+l^-^-tk+l^Ak+l^, X*'=+*i-3-*'=+*i+1Aa;+Zi, •••, X*''+'i-4"*''+'i"^Afc+Zi} 

u 


u 

{x^k+2-tk+iAk+^, X*'=+3-*'=+3+lAfc+3, • • • , X*'=+i-*'=+3-l24fc+3, 
X*''+2-*''+4Afc+4, X*'=+3“*''+4 +^Azj+4, • • • , X*'=+1“*'=+4“^Azj+4, 
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^t^ + 2 4 + a;ife+2 4 + + ...^ a;ifc+l 4+*i-i ^Ak+l,-i, 


x^>^+^-^>^+h-^Ak+i,-i, a:*'=+2-*'=+*i-i+^24fc+z,_i, ■ ■ ■, x^>^+^-^>^+h-^-^Ak+i,-i, 
a;*''+ 2 -*''+'iy 4 fc+z^, a;*''+ 2 “*'=+'i+Mfc+z^, •••, a;*''+i“*''+'i“Mfc+z^} U 
{x^k+i-tk+2A^^2, a;*'=+i-*'=+2+Mfc+2, • • •, a;*i-*'=+2-Mfc+2, 

"*'=+3 24^+3, a;*'=+i"*'“+3+Mfc+3, • • •, x*i“*'=+3-Mfc+3, 


^4+1 ife+ii-iAfc+z^_i, *'=+h-*+lAfc+Zi-*, • • • , X*i Mfc+Zi-i, 


a:*''+3"*''+'i24fc+Zi, a;*''+i"*''+'i+Mfc+Zi, •••, a;*i"*'“+'i"Mfc+zJ 
U 

x*i-*''+2Aa;+ 2, a;*3“*''+2+Mfc+2, • • •, a;"-“*''+2“Mfc+2, 


^ti tk+i^-iAk^i^_i, a;*i *'“+'i-*+Mfc+z^_i, • • •, *'=+*!-« Mfc+z^_z, 


a;G *'=+'i-i+iAfc+Zi_i, •••, a;*" *''+'1-1 Mzc+Zi-i, 
xii-i'^+hAzc+Zi, x*i“*'=+h+iAzc+Zi, • • •, x"“*'=+h-iAfc+zJ, 

where 2 < j < r and j takes the value in decreasing order from r to 2. In 
this case, to show that B spans B 2 — B we use the same techniques as used 
in Case [T] and Case [2J In the following table we summarize. 
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Terms belongs to B 2 — B 

Lemma used 

Technique 
similar to case 

to 

3;;ii,-+l-t2fc-ly^2fc 

Lemma |4.3| for 
i = k^k — ■ ■ ■ , /r + 2 

Casein 

X^ir + l-tk + lr + lAk+y^l to 
x^-tk+i^+i-^Ak+i^+i 

Lemma |4.4| for i = + 1 

Case [2] 

a:*'’'+i“*'=+'’-+2 24fc+z^+2 to 
x^-i2k-iA^j, 

Lemma |4.3| for 
i = /c, A: — 1, • • • , /r + 2 

Casein 

for a £x j where 
j = r,r-l,--- ,2 



^tk+i--i-tu+y to 

a:*h-i+i-*'“+h-iylfc+q 

Lemma |4.3| for i = Ij, 

Ij 1, ■ ■ ■ , Ij—i + 3, Ij—i + 2 

Casein 

x*h-i+i-*'“+h-i+Mfc+z._j+i to 

Lemma |4.4| for i = + 1 

Casein 

x^h-i+^-^'^+h-i+^Ak+ij -^+2 to 

Lemma |4. 3[for i = Ij, 

Zj■ + 1, • • • , Ij—i + 3, Ij—i + 2 

Casein 

x^k+i^-i-tk+i^Akj^i.^ to 
x^^-^k+i^-^ Ak+l^ 

Lemma |4.3|for 
i = Zi, Zi + 1, • • • ,3,2 

Casein 

a:*i-*'“+! Afc+i to 
x^-^k+i-^ Ak+l 

Lemma |4.4| for i = 1 

Casein 

3 ,ii-4+2yl^^2 to 

Ak+l^ 

Lemma |4.3|for 
i = Zi, Zi + 1, • • • ,3,2 

Casein 


This shows that B spans B 2 . Now we show that B spans Bi. Recall that 
we have a homomorphism (j) : C ^ Ru>^,p,n (see Equation ([T])). Therefore, 
C/Ker0 ~ 4>{C) and 0(C') is a cyclic code over Thus, we can realize 

C/KeT(j) as a cyclic code over Ruk p. Therefore, from Theorem 4.2 of [20], the 
minimal spanning set i? 0 (c) of the code (T/Ker^ is {Ai + Ker0, xAi + Ker0, 
• • •, + Ker0, A 2 + Ker0, 0:242 + Ker0, • • •, x^^~^^~^A 2 + Ker0, ^3 + 

Ker0, xA^ + Ker0, • • •, + Ker0, • • •, A^ + Ker0, xA^ + Ker0, • • •, 

_l_ Xer0}. To show B spans i?i, we only show that x^^~^‘^A 2 G 
Span(i?). In a similar way, we can show that x^^~^^~^^A 2 , • • •, x"'~^^~^A 2 , ■ ■ ■, 
... G Span(i?). Since B^(^c) spans C/Keicp, we can 

write x^^~^^A 2 + Ker0 as a Ru^^ linear combination of the elements of B^(^c)i 

n—ti — l tfc —1 

i.e., + Ker0 = ^ Cji(a:*24i + Ker0) + • • • + ^ Cik{x^Ak + 

^=0 ^=0 

























30 


B. Ghosh and P. K. Kewat 


Ker0), where Cjj G Ru^^p- Thus, 


^fc —1 1 


X 




A 2 -I ^ Ca(a:Mi)H-h ^ Cifc(a:Mfc) J G Ker0. 

\ i=0 j=0 / 

Since Ker0 = Span(i? 2 ) and B spans i? 2 , we get G Span(i?). Sim¬ 
ilarly, we can show that •••, x"'~^^~^A 2 , •••, •••, 

G Span(i?). This shows that B spans Bi. 

It is easy to see that any elements of the spanning set B can not be written 
as the linear combination of its preceding elements and other elements in the 
spanning set B. Here we only show that x^^~^‘^~^A 2 can not be written as lin¬ 
ear combinations of others element of spanning set B. The proof is similar for 
the rest. Suppose, if possible can be written as linear combinations 

of the others element of the spanning set B. Then we have x*'^~^'^~^A 2 = 

n-ii-l ii-t 2-2 t 2 -U-l tk-i-tk-1 

oilix''Ai + a2iX^A2 -|- a^ix''A^ + • • • + Y otkiX^'Ak + 

2=0 2 = 0 2=0 

il—tfe + 1—1 — ^ —1 

Y (^{k+l)iX^Ak_^_i -|- Y Ct(fc+2)i3:Mfc+2 + • • • -|- Y (^{2k)iX^A2k, 

2 = 0 2=0 2=0 

^ ^^ 

where, aij = Y + v Y where, G Fp (Note that 

1=0 m=0 

l,m is not a power of /3 it is a notation but /,m is a power of u). Thus, 

x^^-^2-^{ug2{x) v?g22{x) +-h g2(k-i){x) + v{g2k{x) + ug2(k+i){x) + 

n-ti-1 

■■■ + u’^~^ 92 { 2 k-i)ix))) = gi{x) Y I3[j X^ + ugi{x) Y l3ljX^ + uguix) 

j=0 j=0 

n-h-l . ti-t2-2 

Y Pij X^ + ug2{x) Y P2j X^ + ik^mi^x) + U^m2{x)-\ -hM^“^mfc_2(a;)-1- 

j=0 j=0 

v{mk-i{x) + umk{x) + u^mk+i{x)-\ - [-u'"~^m 2 k- 2 ix)), where, mi(a;), m 2 (x), 

• • •, m 2 k- 2 {x) is a polynomials in Fp[x]. By comparing both sides, we have 

n—ti — 1 


= 0 for 0 < j < n — fi — 1 and x^^ ^ 92 ix) = 9 i{x) Y + 


(1). 


Gj 


j=0 


Ij 


ti-t 2-2 n-ti-1 

92 {x) Y f^ 2 j x^- Note that deg{x^^~^^~^g 2 {x)) = ti — 1 but deg( 5 fi(x) Y 

j=0 j=0 

(1) • ti-t2-2 

/3{j x^) > ti and deg( 5 f 2 (a^) Y l^ 2 j x^) < H — 2. Hence, this gives a contra- 

i=o 

diction. □ 


Theorem 4.7. Let n be a positive integer relatively prime to p and C be 
a cyclic code of length n over the ring „2 p. If C = {gi{x) -|- ug 2 {x) + 

- Iu'^~^gk{x),v{gk+i{x)+ugk+2{x)^ - \-u’'~^g2k{x))) withR = deg(5(i(x)), 

4+1 = deg{gk+i{x)), then C has rank n — 4+i. The minimal spanning set of 

C IS B = {gi{x)+ug2{x)l - lu'^-^gkix), x{gi{x)+ug2{x)l - lu'^-^gkix)), 

■■■, x'^-^^-^{gi{x) ug2{x) H-h u^-^gk{x)), v{gk+i{x) + ugk+2{x) ^ -h 

u^~^g2k{,x)), x{v{gk+i{x) + ugk+2{,x) -f- • • • g2k{,x))), ■■■, a;*i-*fc+i-i 

{v{gk+\{x) + ugk+2{x) ^ -h g2k{x)))}■ 

Proof. The proof is as similar as Theorem 14.61 □ 
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5. Minimum distance 


Let n be a positive integer not relatively prime to p. Let C* be a cyclic code 
of length n over „2 p. We have C 2 k = {fi^) ^ IFpN I u^~^vf{x) G C} = 
{g 2 k{x)) (See PageE]). Also, we know that C 2 k is a cyclic code over Fp. 


Theorem 5.1. Let n be a positive integer not relatively prime to p. If C = 

- , A 2 fc) is a cyclic code of length n over the ring Then 

Wh{C) = WH{C2k)- 

Proof. Let M{x,u,v) = mQ{x)+umi{x)+- ■ ■+u^~^mk-i+v{mk{x)+umk+i{x) + 
■ ■ ■ + u'‘~^m2k-i{x)) G C, where itiq^x), mi{x), ■ ■ ■ , m2k-i{x) G Fp[a;]. We 
have vf~^vM{x) = wh{u^~^vM{x)) < wh{M{x)) and u^~^vC 

is subcode of C with wh{u’^~^vC) < wh{C). Thus WH{yf~^vC) = wh{C). 
Therefore, it is sufficient to focus on the subcode u^~^vC in order to prove the 
theorem. Since WH{C2k) = wh{u’‘~^vC), we get wh{C) = WH{C2k)- D 

Definition 5.2. Let m = bi_ip^~^ + +-h bip + bo, G Fp, 0 < i < 

I — I, be the p-adic expansion of m. 

(1) If bi_i 7 ^ 0 for all 1 < i < q,q < I, and bi_i = 0 for all i,q + 1 < i < I, 
then m is said to have a p-adic length q zero expansion. 

(2) If bi_i 7 ^ 0 for all 1 < i < q,q < I, bi-q-i = 0 and bi-i 7 ^ 0 for some 
L ? + 2 < ^ then m is said to have p-adic length q non-zero expansion. 

(3) Ifbi_i 7 ^ 0 for I < i < I, then m is said to have a p-adic length I expansion 
or p-adic full expansion. 


Lemma 5.3. Let C be a cyclic code over p of length where I is a 
positive integer. Let C = {g{x)) where g{x) = ^ — l)^h{x), 1 <h < p. If 

h[x) generates a cyclic code of length p^~^ and minimum distance d then the 
minimum distance d{C) of C is {b + l)d. 


Proof. For c G C, we have c = (x^ ^ — lYh{x)m{x) for some m{x) G 


R k 2 hi 

u'^ ,p •' 

(xP‘-l) 


Since h{x) generates a cyclic code of length we have w(c) = w((xp‘ ^ — 

l)’^h(x)m(x)) = w(x^‘ ^^h(x)m(x))-i-w(^Cix^‘ ^^^~^^h(x)m(x)) I - l-w(^Cb-i 

^h(x)m(x)) -h w(h(x)m(x)). Thus, d(C) = (6 + l)d. □ 

Theorem 5.4. Let C be a cyclic code over the ring Ruk^y 2 p of length where 
I is a positive integer. Then, C = (Ai,A 2 ,--- ,A 2 k) where gi{x) = {x — 
lY^,g 2 {x) = {x — ly^, ■ ■ ■ ,g 2 k{x) = (x — ly^^ (Ai’s and gi{x) ’s are defined in 
page 0 (see page m) for some ti > t 2 > ■ ■ ■ > tk > 0, 4+i > 4+2 > • • • > 
t 2 k > 0 and ti > tk+i for 1 < i < k 


( 1 ) If t 2 k < P* then d{C) = 2 . 

( 2 ) Ift2k > P^~^, lett2k = + + - ■ ■ + bip-\-bo be the p-adic expan¬ 
sion oft2k and g2k{x) = (x — = (x^* ^ — l)^*-i(x^* ^ • • • (x^^ — 

1)61 (xP“ _ i)bo, 

(а) If t 2 k has a p-adic length q zero expansion or full expansion {I = q), 
then d{C) = {k-i + l)( 6 i _2 + 1) ■ ■ ■ {k-q + 1). 

( б ) Ift 2 k has a p-adic length q non-zero expansion, then d{C) = 2 ( 6 ;_i + 
l)(&z-2 + 1) • • ■ {bi-q + 1). 
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Proof. The first claim easily follows from Theorem 13.21 From Theorem 15.11 we 
see that d{C) = d{C 2 k) = d{{{x — Hence, we only need to determine 

the minimnm weight of C 2 k = ((a; — 

(1) If t 2 k < then {x — l)*2fc(a; — 1)^’* ^“*2^ = — 1)^* ^ = {xp‘ ^ — 1) G C. 

Thus, d{C) = 2. 

(2) Let t 2 k > p^~^. (a) If t 2 k has a p-adic length q zero expansion, we have 

t 2 k = hi_ip^-^ + bi_ 2 P^-‘^ H-h bi_qp^-‘>, and g 2 k{x) = {x - - 

l)6i_i(^p' 2 _ <1 _ Let h{x) = {xP‘ Then h{x) 

generates a cyclic code of length and minimum distance (5z-g + !)• By 

Lemma 15.31 the subcode generated by {x^ has minimum 

distance (&z-g+i + l)(&z-g + !)• By induction on q, we can see that the code 
generated by g 2 k{x) has minimum distance (6z-i + l(&z -2 + 1) ■ ■ ■ ipi-q + 1). 
Thus, d{C) = (&Z -1 + l)(&z -2 + 1) ■ ■ ■ {bi-q + 1). 

(b) If t 2 k has a p-adic length q non-zero expansion, we have t 2 k = + 

bi- 2 P^~^ H-h 6ip + 5o, k-q-i = 0. Let r = 6z-g-2P^"'^“^ + H-1- 

biP + bo and h{x) = {x — 1 )'’ = ^ — 1)^*-9-2(xP* ^ — l)^*-9-3 ... — 

l)bi(^p — 1)^°. Since r < p^~‘^~^, we have p^~i~^ = r + j for some non¬ 
zero j. Thus, (x — 1)^* ’’ ^~^h{x) = {x^‘ ^ — 1) e C. Hence, the subcode 
generated by h{x) has minimum distance 2. By Lemma 15.31 the subcode 
generated by (x^ —l)^*-9h(x) has minimum distance 2(6z-g+l). By induction 

on q, we can see that the code generated by g 2 k{x) has minimum distance 
2(&z-i + 1)(&z-2 + 1) • ■ ■ (^z-g + 1)- Thus, d{C) = 2(&z-i + l)(&z -2 + l) ■ ■ ■ {bi-q + 1). 

□ 


6. Examples 

Example 6 . 1 . Cyclic codes of length 4 over the ring „2 2 = F2 -|- MF2 -|- 
m^F2 -I- n(F2 -I- MF2 -I- m^F2), = 0, = 0, uv = vu: We have 

x^ — 1 = (x — 1 )"^ over F2 

Let g = x — 1 and cq, ci, • • • , cn G F2. The some of the non zero cyclic codes of 
length 4 over the ring Rui^v '^^2 with generator polynomials, rank and minimum 
distance are given in Tables 1 and 2. 
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Table 1. Some non zero cyclic codes of length 4 over ^2 2- 


Non-zero generator polynomials 

Rank 

d(C) 

{vu^g'^) 

1 

4 

{v{ug'-^ -b u^cog),vu^g^) 

2 

2 

{v{g'^ -b ucog + u^ci),v{ug‘‘^ + u^C 2 ),vu^g) 

3 

2 

{u^g^ -b ^( 005 -^ -b ucig + + ucsg + uR^), 

v{ug^ + vfc^),vv?g) 

4 

2 

{ug^ -b u^cog -b v{cig^ + uc 2 g + u^cs), 

u^g'^ -b v{cAg‘^ -b uc^g -b u^CQ),v{g^ -b uc-ig -b m^cs), 

viug"^ -b v?Cg),vv?g) 

5 

2 

{g-^ + ucog + u^ci + v{c 2 g^ + uc^g + u^c^), 
ug"^ + + n(c65'^ -b ucjg + u^Cff), 

u^g -b v{c^g‘^ -b uciog + u^cn),) 

3 

2 


Table 2. Non zero free cyclic codes of length 4 over Ru 3 ,v^^ 2 - 


Non-zero generator polynomials 

Rank 

d(C) 

{g-^ + ucog^ + u^cig^ + v{c2g^ + uc^g^ + u^c^g^)) 

1 

4 

{g'^ -b u{co + cix) + u\c2 + C‘ix)g‘^ 

+v{{ca + c^x)g‘^ -b m(c6 + c^x)g‘^ -b u^{cs + c^x)g‘^)) 

2 

2 

{g + UCq + U^Ci + v{c 2 + MC3 -b M^C4)) 

3 

2 

(1) 

4 

1 


Example 6 . 2 . Cyclic codes of length 4 over the ring = F3 + MF3 + 

m^F 3 + n(F 3 + MF 3 + m^Fs), = 0, v‘^ = 0, uv = vu: We have 

— 1 = {x + l){x + 2)(a;^ + 1) over F3 

Let gi=x + l,g 2 = x + 2 and gs = x"^ +1. The non zero cyclic codes of length 
4 over the ring -Rm 3_^2 3 with generator polynomials and rank given in Table 3. 

Table 3. Non zero cyclic codes of length 4 over i ?„3 ,^2 3 . 


Non-zero generator polynomials 

Rank 

(fi'ifi'2 + ^5-15-2 + u^9uv{gig2 + ug2 + u^)) 

2 

{gig 2 + ugi + u\ v{g 2 + U + u^)) 

3 

(fi'ifi'3 + ug-i + u\ v{gi + U + R^)) 

3 

+ u^ 93, v{g293 + ugs + u^gs)) 

1 

{v{9i93 + ug3 + u^)) 

1 

{9293 + ug2 + U^) 

1 
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